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PEEFAOE. 



This text-book is based on the method of rates, which, in 
the experience of the author, has proved most satisfactory 
in a first presentation of the object and scope of the Calculus. 
No comparisons have been made between this method and 
those of limits or of infinitesimals. This larger view of the 
Calculus, and of mathematical reasoning and processes in 
general, cannot readily be given with good results in the 
brief time allotted the subject in the general college course. 

The immediate object of the Differential Calculus is the 
measurement and comparison of rates of change when the 
change is not uniform. Whether a quantity is or is not 
changing uniformly, however, the rate at any instant is de- 
termined in essentially the same manner ; viz. by ascertaining 
what its change would have been in a unit of time had its 
rate remained what it was at the instant in question. It is 
this change which the Calculus enables us to determine, 
however complicated the law of variation may be. This 
conception of the nature of the problem is simple, and seems 
to afford the best foundation for further and more compre- 
hensive study; while for those who are not to make a 
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IV PREFACE. 

special study of mathematics it secures a more intelligent 

and less mechanical grasp of the problems involved than 

other methods whose conceptions and logic are not easily 

mastered in undergraduate courses. 

My thanks are due to Professor Worthen, my colleague, 

for valuable suggestions and assistance in the reading of 

proofs. 

ARTHUR SHERBURNE HARDY. 

Hahoybb, N.H., Jane 2, 1890. 
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Part I. 



THE DIFFEEENTIAL CALCULUS. 



CHAPTER I. 

INTRODUCTORY THBOREMS. 

1. Quantities of the Calculns. The quantities of the Cal- 
culus are, like those of Analytic Geometry : 

Variables : whose values change continuously within the 
limits assigned by their mutual relations. Thus, in the equa- 
tion of the circle a?* -f y* = i?, x and y are variables having 
any and all values between the limits ± B, 

Arbitrary constants : as 22 in the above equation, which may 
have any arbitrarily assigned values, but which do not change 
when the variables change. 

Absolute constants: which admit of no change whatever; 
such as B would become if the radius of the circle were as- 
sumed to be 5. 

2. Functions. As in Analytic Geometry, also, any quantity 
is said to be a function of another when it depends upon the 
latter for its value. Thus, a — a, tana, (a* — «*)i, are func- 
tions of X. The variable upon which the function depends is 
called the independent variable. 

An equation between two variables may be solved for either 
regarded as the function, the other being the independent vari- 
able. Thus, from a* -f y* =i? we have y = Vi? — a?*, in which y 
is the function and x the independent variable, or aj = Vi? — y*, 
in which x is the function and y the independent variable. The 
distinction implies no difference in the nature of the variables, 
for each is dependent upon the other, and serves only to dis- 
tinguish the variable whose values are assigned from that 

whose values are derived. 

3 



4 THE DIFFERENTIAIi CALCULUS. 

A quantity may depend uprdn severil variables for its value, 
and is then said to be a funotioA of two or more variables. 
Thus, a^ +^ — i?, aav, are functions of two and three variables, 
respectively. If no condition is imposed upon the function, the 
variables are said to be independent. If, however, we subject 
the function to some condition, as«* + y* — i? = 0, a? and y are 
said to be dependent, since they can only vary in such a way 
as to make the function zero. Although dependent upon, that 
is, functions of, each other, a value may be assigned to one and 
that of the other derived from the equation ; either one may 
therefore be regarded as the independent variable in the sense 
explained above. 

When the variables are dependent and their mutual relations 
are known, the function may be expressed iu terms of any one 
regarded as the independent variable. Thus, the function xzv 
represents the volume of a parallelopiped whose edges are x, 
2, and V, and the variables are independent. If, however, we 
impose the conditions x = mz, z = nv, that is, if the ratios of 
homologous sides are to remain constant, the variables become 
dependent, and the function may be expressed in terms of any 

one, as — r— 
imrn 

The conditions of the problem will determine whether the 
variables are dependent or independent, and in the former case 
the manner of their dependence. 

3. Classification of functions. 

I. Functions are classified as algebraic and transcendental. 
Algebraic functions are those which involve only the six fun- 
damental operations of Algebra: addition, subtraction, multi- 
plication, division, involution, and evolution, the indices in the 
latter cases being constant. All other functions are transcen- 
dental ; the more common of which are : 

The logarithmic function, aj = logy, and its inverse form, 
y = a", the eacponential function ; 

The trigonometric functions, y = sin Xy y = cos x, etc., and 
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their inverse forms, aj = 8in~*y, aj = cos~^y, etc., the circular 
functions. 

An algebraic function of a single variable which contains no 
power of the variable above the first is called a linear function. 
Such can always be reduced to the form mx + h. 

II. If an equation between several variables be solved for 
any one, the latter is said to be an explicit function of the 
others, the manner of its dependence being exhibited by the 
solution of the equation. Otherwise it is said to be an implicit 
function. Thus, in a:^ + 3/* = iP, x and y are implicit functions 
of each other ; while, in y = V-B* — »*, y is an explicit function 
of X. The difference is one of form only, the chief object of 
Algebra being the reduction of functions from implicit to 
explicit forms. The notation y =/(«), y =/'(«), y=<^(aj), 
etc., read ^y a function of «,' is used to denote that y is an ex- 
plicit function of x\ and the notation /(a?, y) = 0, <^ (aj, y) = 0, 
etc., to denote that x and y are implicit functions of each other. 

III. If in any function y =/(«), y increases and decreases 
with X, y is called an increasing function of x ; but if y de- 
creases when X increases, or increases when x decreases, y is 
said to be a decreasing function of x. 

The increase and decrease referred to is algebraic. 

Thus, in y = mx + b, y is an increasing function of x ; but 

in y = -- ma + 6, y is a decreasing function of x. Again, in 

y* = 2px, y has two values, one of which 

is an increasing, the other a decreasing, \ 

function of x, \ 

If we plot the locus of y =/(»), this 

relation of the variables to each other — 




/ 




o 



is represented graphically. Thus, a?* = y Fig. 1. 

is a parabola situated as in the figure, 

from which we see that when x is negative, that is in the sec- 
ond angle, a? is a decreasing function of y ; and that when x is 
positive, that is in the first angle, x is an increasing function 
of y. 
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Determine whether y is an increasing or a decreasing function 
of a; in y = sin a? ; y = tan a; y = -; y = a*; y = Va* — oj^. 

4. Increments. TAe amoi^n^ of the increase or dea^ease of a 
variable in any interval of tirae is called its increment^ or decre- 
ment. It is usual, however, to employ the word increment to 
denote both an increase and a decrease, the increment receiving 
a negative sign where the variable is decreasing. 

5. Uniform change. A variable is said to change uniformly 
where its increment is numerically the same in all equal intervals 
of time. 

Since the increment is numerically the same for all equal 
intervals, the increment in any interval, assumed as a unit of 
time, may be taken as the measure of the change. This meas- 
ure is called the rate of change, or simply the rate, of the vari- 
able, and is evidently constant. Hence the rate of a uniformly 
changing variable is its increment in a unit of time. 

Representing by x the total change of the variable in the 
time t, and by r the change in the unit of time, x^rt and 

r=f, (1) 

or, the rate of a uniformly changing variable is found by dividing 
the total change in any time thy t 

6. Uniform motion. When the variable is the distance 
passed over by a moving point, estimated from any origin in 
the path, if this distance changes uniformly, the point is said 
to have uniform motion, and the increment of the distance in 
a unit of time is called the velocity of the point. Thus, if a 
point is said to have a velocity of 5 miles an hour, we mean 
that its distance from any point in its path increases or de- 
creases 5 miles every hour. Hence the velocity of a point 
having uniform motion is the rate of change of the distance it 
passes over. Representing the distance passed over in the time 
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t by 8, and by v the distance passed over in a unit of time^ 

V = -> in which v is the rate of «. 
t 

7. Varied change. WTien the lata of change of a variable is 
such that in no two consecutive equal intervals of time its incre- 
ments are equals its change is said to be varied; and the rate of 
such a variable at any instant is what its increment would be in 
a unit of time were the change at that instant to become uni- 
form. Thus, if a point so moves that the increments of the 
distance passed over in consecutive equal intervals of time are 
unequal, its motion is said to be varied, and its velocity at any 
instant, that is, the rate of change of the distance, is the dis- 
tance it wovM pass over in a unit of time were the motion to 
become uniform at that instant. 

These definitions rest upon familiar conceptions. Suppose, for exam- 
ple, a cistern is being filled with water by a supply pipe in such a manner 
that the amount of water supplied is the same in all equal intervals of 
time, this amount being 5 gals, for one second. The quantity of water in 
the cistern (x) is a variable, and the amount of water actually supplied 
during any interval is its increment ; and because the change in a; is uni- 
form, we know not only the amount supplied in one second, but also in any 
other interval of time. For unequal intervals the corresponding incre- 
ments are unequal, but the rate at which the cistern is being filled is the 
same throughout both intervals. The characteristic of uniform change is, 
therefore, a constant rate ; and we say the cistern is being filled at the rate 
of 5. gals, a second, or 300 gals, a minute, according as the second or the 
minute is the unit of time. If, now, the fiow of water through the supply 
pipe ceases to remain uniform, the rate at which the cistem is being filled 
changes, the characteristic of varied change being a variable rate. In 
both cases the rate of the change of the quantity of water in the cistem is 
an instantaneous property of that quantity, but in neither case can loe 
measure it instantaneously. When the flow is uniform, we observe what 
the a<Uual change is for any definite interval ; when the flow varies, we 
ascertain what the change would be for any definite interval were the fiow 
to become imiform at the instant considered. What these intervals are is 
immaterial ; but for the comparison of rates it is evidently necessary to 
adopt the same interval. 

The following illustration is due to Clifford (Elements of Dynamic). 
Suppose a train to be moving from ^ to 5 on a straight track, its velocity 
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being the same throughout the entire distance. Then its distance from A 
is a yaiiable, and the distance passed over in any interval of time is the 
increment of the yariable. If tliis increment is 20 miles for one hour, we 
know the increment for one minute will be | of a mile, and that while 
these increments differ, the rate of change of x, the distance from A^ is the 
same during the entire journey. If we now suppose a second train is 
moving in the same direction on a parallel track, and that it starts from A 
with a velocity less than 20 miles an hour, but gradually increasing to 40 
milq^ an hour ; and if we suppose further that its length is such that some 
part of it is always opposite to a traveller seated in the first train, then it 
will appear to him to be losing distance so long as its velocity is less than 
20 miles an hour ; but when its velocity exceeds 20 miles an hour, it will 
appear to be gaining. There muet then be some instant between these 
two states of things at which the second train appears to the traveller to 
be neither gaining nor losing. At that instant the velocity of both trains 
is the same, t.«. 20 miles an hour, or the distance which the second train 
would pass over in one hour were its velocity at that instant to remain the 
same for one hour. In both cases, therefore, the velocity is determined 
in essentially the same manner ; we supi)ose each train to maintain the 
velocity it has at any given instant for a unit of time and observe how far 
it goes. This increment is the rate at that instant. 

8. Differentials. What would he the increment of a variable 
in any interval of time were its rate to remain throughout the 
interval what it wa^ at its beginning is called the differential of 
the variable. It follows from Art. 4 that the differential of a 
decreasing variable is negative. 

The symbol for the differential of any variable x is dx, read 
' the differential of a?.' The letter d must not be mistaken for 
a factor. Its meaning is 'the differential of/' as in sin a: the 
abbreviation sin means ' the sine of.' 

Since time {t) changes uniformly, any interval of time may 
be represented by dt 

9. Remark. The distinctions between the increment, differ- 
ential, and rate^ of a variable, should be carefully observed. Its 
increment is the umount of its actual increase, or decrease, in 
any interval of time ; its differential is what the amount of its 
increase, or decrease, would be in any interval were its rate to 
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remain throughout the interval what it was at its beginning. 
Hence the increment and differential of a variable are the same 
only when the variable is changing uniformly. Finally, its rate 
is what the amount of its increase, or decrease, would be in a 
unit of time were the change of the variable at any of its values 
to become uniform; a rate is thus a particular differential, 
namely, the differential for the unit of time. 

10. Corresponding increments, or differentials, of variables 
are those which occur, or would occur, in the same interval. 

Simultaneous rates of variables are their rates at the same 
instant. 

The simultaneous rates of variables which are always equal are 
evidently equal. 

U. S3rnibol of a rate. By Art. 7 the rate of any variable x 
at any instant, that is, at any of its values, is measured by the 
increment it would receive in a unit of time were its change at 
that instant to become uniform; hence if dx represents what 
this change would be in any interval dt, we have from Eq. (1), 

dt 

whatever the interval dt; or the rate of any variable is the differ- 
ential of the variable divided by the differential oft 

Cor. Since the differential is positive or negative as the 
variable is increasing or decreasing, the rate of an increasing 
variable is positive, and of a decreasing variable is negative. 

Eemakk. It must be carefully noted that while dt is arbi- 
trary, for the purpose of comparing the rates of different vari- 
ables, or of the same variable at different instants, we must 
assume the same interval ; hence dt is constant, 

22. Corresponding differentials of equals are eqvxxl. 

Let y=:f(x, z, v, etc.). Since, when two quantities are 
always equal, their simultaneous rates are equal (Art. 10), if 
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dy and d [/(a, «, v, etc.)] be corresponding differentials of y 
and/(aj, «, v, etc.), then 

dy _ d\_f{x,z,v,e^tc,)'] 
dt"^ dt ' 

* 

or, since dt is the same in both members, dy = d[^f(x, z, v, 
etc.)]. Hence, if an equation be true for all values of the 
variables involved, the corresponding differentials of the two 
members are equal. 

dy = €?[/(«, 2, V, etc.)] is called the first derived, or first 
differential, equation of y=f(x, z, v, etc.). 

The above is an immediate consequence of the definitions. For if a 
and ^ be any functions whatever, and a = i3 for all values of the variables 
involved, the rates of a and /3 must be the same at any instant. Now 
these rates are what the changes in a and ^ would be in a imit of time 
were the common rate to become constant at any instant ; and if the rate 
remained constant for any interval greater or less than the unit, the cor- 
responding changes would still be equal ; but these changes are the differ- 
entials. 

13. The immediate object of the Differential Calculus is the 
determination and comparison of the rates of variables. 

The following problem will serve as an illustration. 
Suppose a wheel to revolve about a fixed a^is through its 

centre, P being any point in the rim, and 

that we desire to compare the rate of P's 

motion in the arc AB with that of its , /jv fcr 2 

motion vertically upward at any instant. 

This is equivalent to asking what are the 

rates of change of the arc AP and its sine 

PD. Hence if AP=x, DP^y, the fundamental relation is 

V = sinvflj. Now if, as will be shown, -^= cos x -— ? the rate of 
^ ' ' dt di 

y is seen to be cos x times the rate of x ; that is, at any instant 
the sine is changing cos x times as fast as the arc. If P is 
moving in the arc at the rate of 10 ft. per sec, then at -4, 
where cos a? = 1, it is also moving upward at the same rate. 
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At P, where AP = arc of 60° and cos x = cos 60° = ^, it is 
moving upward at the rate of 5 ft. per sec, or half as fast as 
it moves in the arc. At B, where cos x = cos 90° = 0, it is not 
moving upward at all. 

14. Differentiation. In the above illustration the rate of y 
is the rate of sin x ; and, in general, the determination of the 
rates of variables involves the determination of the rates of 
the functions .on which they depend or in which they enter. 
Since the rate of a variable is the differential of the variable 
divided by the differential of t^ the relation between the rates 
of variables will he known when the relation between their differ- 
entials is Tcnown. 

The process of determining the differential of a function is 
called differentiation. i^ 

We now proceed to determine rules for the differentiation of 
the several algebraic and transcendental functions. 



CHAPTER II. 

DIFFERENTIATION OF EXPLICIT FUNCTIONS. 
THE ALGEBRAIC FUNCTIONS. 

15. The differential of a constant is zero. 

This is evident since a constant admits of no change^ and 
therefore has no increment, whatever the interval. Properly 
speaking, such expressions as ' the differential of/ or ' rate of a 
constant ' involve a contradiction of terms. But for uniformity 
of expression it is usual to say that both are zero. 

16. Tlie differential of a polynomial is the algebraic sum of the 
differentials of its several terms. 

Let y = x-\-z — v. If the changes of aj, 2, and v, at any in- 
stant, that is, at any of their simultaneous values, become uni- 
form, the change of y at that instant will also become uniform ; 
and therefore, if dx, dz, dv, dy, be corresponding differentials of 
the variables and the function, dy=dX'\-dz—dv (Art. 12). The 
above is evidently true of a polynomial of any number of terms. 

Cor. ^ = ^ + ^ _ ^, or the rate of the sum of any num- 
dt dt dt dt 

ber of variables is the sum of the rates of the variables. 

Since the relation between the rates is always the same as 
that between the differentials, it will not be necessary to repeat 
this inference in the cases which follow. 

17. The differential of the product of a variable and a constant 
factor is the differential of the variable multiplied by the constant 
factor. 

12 
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Let y=x-^z-\-v-}-etc. From Art. 16, dy=dx-\-dz-\-dv+ etc. 
Hence if x=z=v=etQ.f and m be the number of terms, y=mx 
and dy = dx -\- dx -{- etc. = mdx. 

18. TJie differential of the product of two variables is the sum 
of the jproducts of each into the differential of the other. 

Let y = 0Dz, Then y is the area of a rectangle whose sides 
are x and z. Let a, b, be any two simultaneous values of x 
and z ; then at the instant when x=a 
= AB and z = b = AD, we have y = 
area ABCD, Let BP represent what 
would be the change in x in the inter- 
val dt if at this instant its change were 
to become uniform, and DR the corre- 
sponding change in z were its change 

also to become uniform at the same instant. Then BP= dx, 
DR = dz. The change of y would then also become uniform, and 
for the interval dt would hedy = BPQC + DRSC=^bdx -f- adz. 
But a and b are any simultaneous values of x and z. Hence, 
in general, at any instant, dy = zdx + xdz. 




Fig. 3. 



19. The differential of the product of any number of variables 
is the sum of the products of the differential of each variable into 
all the others. 

Let y = xzv, and xz = u. Then y = uv. But dy = vdu + udv 
(Art. 18), and du = zdx + osdz. Substituting in the former the 
value of du from the latter, and of u = xz, we have dy = zvdx -f- 
xvdz + xzdv. 

In the same manner the theorem may be proved for the 
product of any number of variables. 



20. The differential of a fraction is the denominalor into 
the differential of the numerator^ minus the numerator inlo the 
differential of the denominator^ divided by the square of the 
denominator. 
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Let y=s ' Then x = yz. But dx =i zdy -\- ydz (Art. 18). 

„ - (Ix dz dx xdz zdx — xdz 
Hence % = ---y- = --^^ ^ 

Cor. 1. If ^ssa^ a constant, then dx^O (Art. 15), and 
dysz — ■ \ orthe differential of a fraction whose numerator is 

constant i$ mintts the numerator into the differential of the de- 
fUfminatOTf divided by the square of the denominator. 

dx 
Cob. 2. If « s a, a constant, then dz = 0, and dy = — , as it 

1 " 

should be, since y is then -x (Art. 17). 

a 

2L ilie differential of a variable having a constant exponent 
ia the product of tJie constant exponent^ the variable with its ex- 
ponent diminished by one, and the differential of the variable. 

I. Let the exponent be positive and integral. 

Then yzszQif^zs: XXX • • • to n factors. 

Hence (Art. 19), 

dy^Qf^ ^dx + Tf^'^dx H to n terms, 

or dyssns^'^dx, 

II. Let the exponent be a positive fraction. 

m 

Then y = oj*, whence j^ = of*. The differentials of the two 
numbers of this equation being equal (Art, 12), we have, by I., 

wjT"* dy = mof^da, 

, m af~^ m --i 

whence dy = -— , cto = — a?" dx. 

^ n y"~* n 

III. Let the escponenJt be negative. 

Then y = aj"* = — > n being fractional or integral. Clearing 

as* 

of fractions, yx* s= 1 ; whence, differentiating the product and 
remembering that the differential of a constant is zero, 
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nvQif^'^dx 
or dy=i ^— - — = — naj~*'^cte. 

Cob. 1. If n = 1^, y = Va, and dy = — 7=, or tJie differential of 

the square root of a variable is the differential of the variable 
divided by tvoice the square root of the variable. 

Special rules might be framed for w = ^, ^ = i> etc., but in 
such cases the general rule is preferable. 

Eemabk. The above method of proof depends upon the 
resolution of the power into equal factors, and is therefore 
inapplicable to the case of a variable having an imaginary, or 
an incommensurable, exponent. The rule, however, as will 
subsequently appear, holds good for these cases also. 

Examples. Differentiate : 

1. y = a^4-3a; — 4aj*. 

dy = d(i»» + 3aj - 4iB8) = d(a^) + d(Sx) - d(4:a^) [Art. 16 
= 2xdx + 3da; - 12Q^dx = (2 a; + 3 - 12a^dx. 

[Arts. 21, 15 

2. y = aH-maf — 7 wac*. dy = (m^af*~^ — lAnx)dx. 

3. f=:2px. 

Although an implicit function, it may be differentiated 

directly without first reducing to an explicit form. Thus, 

p 
d{y^) = d{2px), whence 2ydy = 2pdx, or dy = —dx. 

if 

4. aY±b'a^=± a*&*. dy = :f ^dx. 

a^y 

5. 2^ = (l + a2)(l-2ar^). 

dy = (1 - 2iB8)d (1 4- «") + (1 + 0?")^ (1 - 2iB8) 

= (1 - 2a^) 2xdx - (1 + a;2) Git'dx 

= 2(a? — 3a5* — 5iC*)da5; or we may first expand and 
then differentiate. 
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dy^dlia + fer*)*] = i(a + 6a^-*d(a + te*) [Art. 21 

as T ; or, more expeditiously by the special 

2(a + 6aj»)* 

rule for the square root of a variable (Art. 20). 
7. y = (aa:)* + te*. dy^(^^ + ^^dx. 



dx 



9. y=Vl + V». dy= ^ 

.0. ,=5. 

Put the expression in the form afzr^v. Then 

, nvaf^'^dx 27f^vdz , of'dv 

dy^—^ ^+^' 

11. y = V^Ji. 

2VasA;i 2qi^zv^ 

= — - + v^VaJ dz + - — 

2V« 4t;* 



12. 


y 


= i. 

X 


13. 


y 


a 


14. 


y' 


2 


16. 


y 


I-* 



dy = 



d3/ = 



2fl5l 

da; 



4V5 

2da? 
(1 - a:)' 



(l-fl;)d(l + a^)~(l + a:)d(l~a?) 
16. y = -^~. dy= «^^ 



a — 35 (a — a)' 
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(I-OJ) 



8 



19^ y^ 2a5a^ ^^^ 2a5a^(4-aa:^)cte 

2 

Put the expression in the form y = - 4- wi + »*. 

21. y = —-==:• ciy = 



Put the expression in the form y = 2(l — aj*)"* and 
differentiate as a power rather than as a fraction. 

22. y = :^^I±5. dy = - ^ 



23. y = -• dy=z 



(l-a^)i (l-aj»)* 



(l + aj)Vr=^ 



OK L , a , 6 ,. 1 aaj + 26 ,^ 

II a? af Zaf -yj^? + ax + b 

26. y= V^+^_. dy = V^(V^-V^)(^ 

27. y= ^ dy=: jg £±1^ 4-3g'lda;. 

Vl-|-aJ*-aj I VIT^ 3 

Rationalize the denominator before differentiating. 

28.y = ^^^n^. ^„^2{ 2«^VJ^^nl-W 
Vl-a!« + « ^1 - 2a!*) Vl - a!« 3 

29, y = i^^. dy = -^^dx. 
Vx 2«* 



dx. 
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30. y=— ^ + — 1=:. dy = l( ^ ^ ^W 

Vl+x VI- « ^\(l-x)* (1+xyJ 

* (6 + a!)"(c + a!)- * (6 + a!)-+»(c + «)-+« 

33. y= ^=- dy= x -^l-a ^ — ^ 

«+Vl-a!' Vl-!r»(l+2a!V'l-a!») 

36. y =(2o*+a!i)(ai+a!*)i. dy = _4^L±3« ^jj,, 

4!B*(o*+a!*)* 

36. y = (a; - Vrr^». dy=n{x-->/Ul^Y'^^:^^^^^^dx. 

VI— a!^ 

vrH?-vi-a!» a^\ vr^/ 

22. Analytic signification of tiie ratio -p^* 

Let y=sf (x). The only variable which enters the function 
being a?, the function y will change only as its variable x 
changes^ and the rate of change of y will depend upon the 
rate of change of x. Let A; be the ratio of these rates at any 

instant. Then 

dy , cte , dy , 

37 = k^-j whence ^ = k, 
dt dt' dx 

Hence the ratio of the differential of the function to the dif- 
ferential of the variable is the ratio of the rate of change of the 
function to that of the variable. It is evidently independent of 
the interval dt. 
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As derived by differentiation from the function y—f («), 
this ratio is called its first derived function, or simply its first 
derivative ; also, being the factor Jz by which the rate of the 
variable is multiplied to obtain the rate of the function, it is 
called the first differential coefficient. 

CoK. If -^ is positive, y is an increasing function of x\ 
and if negative, y is a decreasing function of x (Art. 11, Cor.). 

23. Applications. 1. Compare the rates of change of the 
ordinate and abscissa of the parabola whose parameter is 4. 
Which is changing most rapidly at the point a? = 9 ? Where 
are they changing at the same rate ? If at the point a? = 16 
the abscissa is increasing at the rate of 24 ft. a second, at 
what rate is the ordinate then changing ? 

y' = 4a?, .'. -=^ = -, which may be written ;=^ = - ;^; or, in 
CuC y f\ Ctt y ctt 

general, the ordinate changes - times as fast as the abscissa. 

2 ^ 1 

For a; = 9, 3^ = ± 6, and - becomes ± o , showing that the or- 

%/ "i 

.dinate is increasing, or decreasing, » as fast as the abscissa at 

the points (9, 6), (9,-6). When the ordinate and abscissa 

dy 2 
are changing at the same rate, we must have -p = - = 1, .*. y = 2, 

which, in the equation of the curve, gives x = l. This is as it 
should be, for (1, 2) is the extremity of the parameter, at which 
point the generating point is moving in the direction of the 

focal tangent, whose inclination to the axis of X is known 

2 1 

to be 45°. For a; = 16, y = ± 8, and - becomes ± j, or 

~^ = ±j -^ J hence if at a; = 16 the abscissa is increasing at 

the rate of 24 ft. a second, the ordinate in the first angle is 
increasing, and in the fourth angle decreasing, at the rate of 
J X 24 = 6 ft. a second. 

2. Compare the rates of change of x and y in the ellipse 
aV + ^^^ = ^^^' Is 3^ an increasing or decreasing function of 
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X? Compare the rates at the extremities of the axes. If the 
axes are 6 and 4, at what point is y changing 2-^- as fast as a; ? 

-^ = J-, and is negative when x and y have like signs; 

ctx ci y 

hence the function is decreasing in the first and third, and 

increasing in the second and fourth, angles. At the extremi- 

dy 
ties of the transverse axis, 3^ = 0, and -~ = oo, or 1/ is changing 

infinitely faster than x. To determine the point where y 
changes 2 -vl- as fast as «, we have ^ = ? = 2 \l-, which, 

if if 

with the equation of the curve 9y^ -f 4aj^ = 36, gives four points 

3 ^ 

whose coordinates are numerically j Vl5 and o' 

3. The altitude of a right triangle increases at the rate of 
10 in. a second. At what rate is the area increasing ? 

Let b = base, x = altitude, y = area. Then v = — , .-. — = -, 

which is a constant ; therefore the area increases uniformly at 
the rate of - x 10 = 56 sq. in. a second. 

4. A spherical balloon is being filled with gas at the rate of 
m cub. ft. a second. At what rate is the diameter increasing 
when its length is 6 ft.? 

Let y = diameter, x = volume. 

Then aj = ^2/«, or y^{^^x\ .-. ^^= £H. 

When 3/ = 6, aj = 36fl-, and -^ = • 

dx IStt 

Hence when the diameter is 6, it is increasing at the rate of 
m 
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ft. a second. 



IT 



5. A rectangle whose sides g-re parallel to the axes is in- 
scribed in the ellipse a^ -f 6W = a^6l Compare the rates of 
change of its area and side'. 
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Let X and y be the half sides and z the area. Then 2; = 4a^. 
To eliminate y, and so obtain z a function of a single variablei 
we have from the equation of the ellipse, 

46 y-5-5 — -i dz 46 a«-2aj* 



y = -Va*— «*, .-.2 = — -y/a^ixf-^a^, -- = — 

a a ax a -y/a^^s^ 

dz 
In a similar manner we may find the ratio —• 

6. The radius and altitude of a right cone vary, the slant 
height remaining constantly 25 ft. Compare the rates of 
change of the volume and altitude. When the altitude is 4 
ft. and changing 3 ft. a second, how fast is the volume 
changing? 

Let s = slant height, x = altitude, z = radius of base, and 

y = volume. Then y = -— - • To eliminate z we have the con- 



V 



dition s? + a? = si^, ,\ 7? ^ s^ — 7? and 3/ = ^ («*» — «*)• Whence 
^ = - («»- 3«*)= - (625 - 3aj*) ; that is, the volume is increas- 
ing - (625 — 3 05*) times as fast as the altitude is in linear feet. 

577 
When aj = 4, this becomes -— ir, and at that instant the volume 

is changing at the rate of 577 ir cub. ft. a second. 

The student will observe that he may eliminate before or 
after differentiation. Thus, differentiating first, 

dy^l{2zxdz-\-z'dx), rM^l(2zx^-^7?), 
o ax o ax 

But from 2;*-haj* = 5*, — = — 5; substituting this value with 

dx z 

those of z and n^, -i? = E (52 — 3«*), as before. 

7. A point P moves from -4 at a uniform rate in the direc- 
tion of -4P, at right angles to AB, A light (7, whose intensity 
at a unit's distance is 125, is vertically over JB. If AB = 10, 
BC = 5, compare the rates of the motion and illumination of 
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P (understanding that the intensity of a light at any point is 
its intensity at a unit's distance divided by the square of the 
distance), when -4jP= 10. 

Let AP=i X. Then the illumination at 

P= ^ 125 ^ 125 

^ CP* 102 + 5« + a^ 



• • _ ^— 



250 a; 




dx (125 -f a^y 

which, when x = 10, becomes — ^, or the rate of change of 
the illumination of P is ^ times the rate of change of AP, 
and is decreasing. 

8. If, in Fig. 4, BO is a lamp-post 10 ft. high, and a man 
whose height is 6 ft. walks from B in the direction BA at the 
rate of 3 miles an hour, show that the extremity of his shadow 
moves at the rate of 7^ miles an hour. 

9. In Ex. 8 show that the length of the man's shadow is in- 
creasing at the rate of 4^ miles an hour. 

10. In Fig. 4 show that if the man walks from A towards B, 

y . . ^ 

he is approaching B - times as fast as he is approaching (7, 

X 

where BA = x, CA = y. 

11. A ship is sailing northeast at the rate of 10 miles an 
hour. At what rate is it making north latitude ? 

Ans. 5V2 miles an hour. 

12. The area of a circular plate of metal is expanded by 
heat. Find the rate of change of the area when the radius is 
6 in. and increasing .01 in. a sec. Ana, i^ir sq. in. a sec. 

13. If the thickness of the plate of Ex. 12 increases one- 
half as fast as the radius, find the rate of increase of the volume 
when the radius is 5 in. and the thickness .5 in. 
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Let v = volume, a? = radius, y = thickness. Then v=ira5^; 
whence 

^=:2wxy-~- + 'inx^'^ = {2irxy-\-iwa^)'j-'= --«• cub. in. a sec. 
at at at at 40 

14. Two ships, on courses whose included angle is 60°, are 
sailing away from the intersection of the courses with veloci- 
ties of 6 and 4 miles an hour. Find the rate at which they 
are separating when 10 and 15 miles respectively from the 
intersection. 

Let z = distance between the ships, x and y their distances 
from the intersection, 6 and 4 being the rates of x and y 
respectively. 

Then a;* = aj* + y^ - 2 a^ cos 60° = «» + .V* - a^, 

dz 1 f/o \ dx , ,ck \ dyl 55 

•*• — = ;r- C2x^y) h(2y — aj) -^ h= 

dt 22L ^^ dt ^ ^ ^dtj V175 

15. Find the rate of separation in Ex. 14 under the suppo- 
sition that the ships start together from the intersection of 
the courses, with the velocities 6 and 4. 

2;8 = (60' + (40'-24^, .-. -=V28. 

dt 

16. C is any point without a circle whose centre is 0, and 
OC cuts the circle at A. Find the relative rates of departure 
from O and OC of a point P moving from A in the arc of the 
circle. 

Let P be the position of the point at any instant, y = PM, 
the perpendicular on 0(7, PG = x, OC = a, OA = B. Then 



PC=^/C^P + PM^, 

or 35= V(a- ViP-2^)^-fy^, 

,.dx^—^^=. 
x^R^ - y^ 



24 
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24. Oeometric lignifloation of ~ 

Since to every equation ysaf(jc) there corresponds some 

plane locus, the ratio -^ is evidently capable of geometric 
interpretation. 

Let M'lT be the locus of y =/(«), and P the position of the 
generating point at any instant. Then dx, dy, being corre- 
sponding differentials of x and y, are 
what wotdd be the changes in a? = OD 
and y = DP during any interval if at 
its beginning their rates of change 
should become constant. But this 
will evidently be the case if at P 
the motion of the generating point 
should become imiform along the Hg. 5. 

tangent at P. Hence PQ, QB, being 

what would be the corresponding increments of x and y in any 
interval dt if the change of each became uniform at the instant 
considered, are corresponding differentials of x and y, and 




PQ dx 



a. 



(1) 



The tangent of the angle made by any straight line with the 
axis of X is called the slope of the line. As the tangent at 
any point of a curve has the direction of the curve at that 

point, the slope of a curve is that of its tangent ; hence the 

dy 
value of -^ at any instant, that is, for any simultaneous values 

of X and y, measures the slope of the curve at the corresponding 
point. 
In the figure, ^ is an increasing function of a;, a is an acute 

dv 
angle, and tana, or -p> is positive. In the vicinity of 3f', how- 
ever, ^ is a decreasing function of a;, a is an obtuse angle, and 
tan a, or -^9 is negative, as abeady seen in Art. 22. 
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It is evident that the slope will in general vary from point 
to point, and the first derivative will therefore be in general a 
function of x ; but that for any particular value of x it has 

a definite value independent of dt, that is, independent of dx, 

dy 
since from the similar triangles PQB, PQ^R\ -4- remains con- 
stant, whatever the interval. 

25. Eolations botwoon tho volooitios in tho path and along 
the axes. 

Let % = distance passed over by the generating point, esti- 
mated from any point in its path, that is, the length of the 
path. Since, when the changes in x and y (Fig. 5) become 
uniform, the generating point moves in the direction of the 
tangent PR, PB = d8, PQ = dx, QB^dy, are corresponding 
differentials of s, x, and y ; and from the right triangle PQB, 

dsl^ = da? -\- df, (1) 

Hence if y =/(») be the path of a moving point, — is the 

rate of change of the distance, or the velocity of the j^int in its 

path; and, for like reasons, — > -2, are its velocities in the 

dt dt 

directions of the axes. 
By differentiating y=f(x) we can compare the horizontal 

and vertical velocities, and substituting either — or -^ from 

^ dt dt 

the differential equation of the path in 



ds UdxV . /"dyV 



we can compare the velocity in the path with either the hori- 
zontal or vertical velocity. 

Since -=- and -^ are distances, namely, the distances which 

the point would pass over in a unit of time in the directions of 
the axes if its velocity in each direction became uniform, they 
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are positdve or negative according as each is in the positive or 
negative direction of the corresponding axis. 

26. The following relations will be found of use hereafter. 
Let PN (Fig. 5) be the normal at P. Then 

COSa= sinA = — » (1) 

ds 

dv 
sin a = — cos ^ = -^« (2) 

27. ApplioatioiUL 1. To find the general equation of a tan- 
gent to any plane curve. 

liCt y =/(«) be the equation of the curve and (»', y') the 
point of tangency. The equation of a straight line through 

(«', y') is y — y' = m (oj — aj'). K we form -p from the equation 

of the curve, and substitute in it the coordinates of the given 

point of tangency, we have the slope of the curve at this point 

(Art. 24). But the slope of a curve at any point is that of its 

dv^ dv 

tangent at that point ; hence, representing by -p-, what ~ be- 

• dy' 
comes for the point («', y'), and substituting —-, for m, 

2. Deduce the equation of the tangent to the ellipse 

From the equation of the ellipse, ^ = 5-* the general 

expression for the slope. For the particular point («', y') this 
becomes r— » and the equation of the tangent is, therefore, 

ay 

y-^y^zs -— (aj — a;'). Clearing of fractions and substituting 

cry 

for a^^ + Wa?'* its value aW, the equation assumes the simpler 

form a^yy* + b^osx' = a?V, 
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Show that the equation of the tangent to : 

3. The hyperbola aV — ^^^ = — <*'^ is d^yy^ — h^xx* = — aV. 

4. The parabola y^ = 2px is yy'=p(jB + a?'). 

5. The circle y^-\'7? = B^ is 3^y' + onx' = 2?. 

6. The circle y^=2Bx-Qi^ is y-y' = ^~^' («-«'). 

7. The hyperbola xy = m, referred to its asymptotes, is 

8. The cissoid f = ^ ^ is y - ?/' = ± ^' (3a-a?^) (^..^.f) 

9. The curve ay 4- &V = a*&* is y — w' = — ^^-^ (a; — «'). 

10. Find the slope of y^ = 2px at the vertex ; at the extremi- 
ties of the parameter. Is the generating point ever moving in 
a direction parallel to X ? 

From ^T=2px, -p = ^ which is oo for y = 0. Hence the 

if 

tangent is perpendicular to X at the vertex. For y=±Py 

dv 

~ =! ±1, the slope of the focal tangents, which therefore make 

dv 
angles of 45** and 135® with X. Since -p is zero only when 

y = oo, .-. a? =00, there is no point at which the tangent is 
parallel to X, 

11. Find the slope of y=:aJ* — 2aj" + 3 at aj=l; « = 3; 
aj = -2. Ans. 0; 96; -24 

12. At what point of y* = aa* is the slope ? 1 ? 

Ans. (0,0); /^i-, -A.\ 
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13. Find the equation of the tangent to the parabola ^= 2px 
inclined 30** to X. 

Since the angle is 30^, its slope is — 9 and we must have 

» 1 - ^ . 

^, = 9 or y' ssip^S, Hence from the equation of the curve, 

y Vs 

3 

35' = -p. Substituting these values in yy*=p(pD + x*), we ob- 

4. • 1 L V3 ' • 

tain y = — « + -t:-P. 

14 At what angle does ^=12 aj intersect ^+a5*+6«— 63=0? 

The points of intersection are (3, ± 6) ; the slopes are -j 

S + x ^ 
> which become, for the point (3, 6), 1 and — 1. These 

if 

being negative reciprocals of each other, the curves intersect 
at (3, 6) at an angle 90**. 

16. Show that the cissoid cuts its circle at an angle whose 
tangent is 2. 

16. Show that the length of the tangent to the hypocycloid 
*' + y' = tt' intercepted between the coordinate axes is con- 
stant. 

The equation of the tangent is -^ -|- -2- = a*. 

17. To find the general equation of the normal to any plane 
curve. 

The normal passes through the point of contact and is per- 
pendicular to the tangent. The condition of perpendicu- 

1 
larity is m' = • Hence the equation of the normal is 

^ ^ dy'^ ^ 

18. Find the equations of the normals to the conic sections : 

Of f 

Ellipse, y - y' = ^ (a - «') ; Parabola, 3^ - y' = - ^ (a; - «') ; 
Circle, 3/ = |r » > Hyperbola, y - y' = - 1^ (« - «')• 
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19. Find the equations of the tangent and normal to y* = 9iB? 
at the point (1, 3). Ans. 3/ = f a? — i; y = — f « + V- 

20. To find the lengths of the subtangent and tangent to 
any plane curve. 

In Fig. 5, 

PD y' ,dx' 

^^ tan DTP d^ ^ dy' 

dx' 



TP^^TL^ + DP^ 



-^^^{y^'^^Fm- 



21. To find the lengths of the subnormal and normal to any 
plane curve. 

In Fig. 5, DN^ PD tan DPN=^ PD taxiDTP^ y' ^. 



^^=»■^ra'• 



22, Find the subtangents and subnormals of the conic sec- 
tions. 



Ellipse, 
Hyperbola, 



SUBTANOBNT. SUBNOBXAL. 

x' ' a« ' 



Circle, — ^. — aj'. 

Parabola, 2oc^. p. 

The signs may be neglected if lengths only are required. 
The sign will, however, indicate the direction if the subtangent 
and subnormal be reckoned respectively from T and D, Fig. 5. 

23. Prove that the subtangent of the hyperbola ajy = m is 
the abscissa of the point of contact, and that the subnormal 
varies as the cube of the ordinate. 

^ dy* ^ ^ dx' m 
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24. Prove that the subtangent of the semi-cubical parabola 
y* =s oaj* is two thirds the abscissa of the point of contact, 
and that the subnormal varies directly as the square of the 
abscissa. 

25. A point moves with a constant velocity m in the arc 
of the parabola 3/*=: 8 x. Find the velocities in the directions 
of the axes when x = 8. 

From t/* = Sx, we have -^ = , and by condition — = m. 

Substituting these values in 



t-MFW' 



weobtain ^ ^L, ... ^ = 1 ^ = -i^=. 

For 05 = 8, .*. y = 8, these become — ^ and -^ ; hence at the 

point (8, 8) the horizontal and vertical velocities are as 2 to 1, 

2 1 

and are — and — times that in the path. 

26. The orbit of a comet is a parabola, the sun occupying 
the focus. Compare the velocity of the comet with its rate of 
approach to the sun. 

The distance of any point of the parabola from the focus is 

r =s aj +^, .-. -^ = — , or its rate of approach to the sun is the 
2 dt dt 

same as its horizontal velocity. But, as shown in Ex. 26, 

-— = ^ -— • Hence, in general, its rate of approach to 
dt -y/f^^dt ^ 6 » i-i- 

"• -- " ^ "°- '<» '»"»"^- ^' '^ ■"^ »=<' 

dec dv 
and — = — = 0, or, at the vertex, it is not approaching the 

dt di dr 1 ds 

sun at all. When y=p, -- = When at a distance 

dt -^ dt 
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from the sun equal to the parameter of the orbit, 

27. A point moves in the arc of the circle a^ -\- y^ = 25, and 
has a velocity 10 in passing through the point (3, 4). Show 
that its velocities in the directions of the axes are 8 and 6, 
numerically. 



THB TRAN8CENDBNTAL FUNCnOlTB. 

Tlie Logarithmic and Exponential Functions. 

2Bb The logarithmic f miction. 

Let x=sny, (1) 

n being any arbitrary constant. Then 

log.aj = log.n + log.y, (2) 

in which a is the base of the logarithmic system. 
Differentiating (1) and (2), 

dxssndy, 

d (logaX) = d (log.y) ; 

and, by division, Ox ^ ndy ' ^^^ 

Eliminating n from (3) by substituting its value from (1), 

dx " dy ' ^ ^ 

X y 

dx 
or the ratio of d (log.aj) to — is the same as that of d (log.y) 

dy ^ 

to — -• Since n is arbitrary, the ratios in (4) are constant. 

*f 

Let m be this constant. Then 

d(log.aj) = m — . 

X 
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Kow the only quantities involved in any logarithmic system 
are the number, its logarithm, and the base. Since of these 
the two former are variable, while m is constant, m must de- 
pend upon the base. The value of m corresponding to any 
base is called the moduliui of that system. Hence 

The differential of a logarithm of a variable is the modultLS of 
the system into the differential of the variable divided by the vari- 
able. 

The relation between the modulus and the base of any sys- 
tem will be established later ; but as the only system employed 
in analytic investigations is that whose modulus is unity, called 
the Vaperian system, the above rule becomes : 

Ths differential of the Naperian logarithm of a variable is the 
differential of the variable divided by the variable. 

Unless otherwise mentioned, by logo; will hereafter be 
meant Kaperian logarithm of x. The base of this system is 
represented by the letter e, and its value will be shown to be 
2.718281. 

29. The exponential function. 

I. When the base is constant. 

Let y =s a". Then, in the system whose base is 6, 

log»y = ajlog»a. 
Differentiating both members, 

m^ =log.a*r, 

' a'log.adx 

whence dy = , 

m 

or the differential of an exponential function whose buise is 
constant is the function into the logarithm of the base into the 
differential of the exponent^ divided by tlie modulus of the system. 
For the Naperian system, m = 1, and we have 

dy = a*logadaj. 
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If the exponential base is also the base of the logarithmic 

system, log a = 1, and 

dy = a'dx, 

or, e being the Naperian base, the differential of y = e* is 

II. When the hose is variable. 

Let y = of. Then logy = z logo?. Differentiating both mem- 
bers, 

dtt dos 

whence dy = afz [-of log xdz = zaf-^ dx-{-Qf log ocdz, 

or the differential of an exponential function whose ba^ is 
variable is the sum of the results obtained by differentiating first 
as if the exponent were constant and then as if the ba>se were 
constant. 

If z = x, y=aff and dy = 3if(l-\-logx)dx. 

Examples. Differentiate : 

1. y = log (3a* + a^)-. dy = 3^±^dx. 

oOiX-f- Or 

2. y = loga^. dy = • 

X 

3. y= (logx)\ dy = 2logx^' 

X 

dx 



4. y=zlog(logx), dy=: 

xiogx 

5. y = a? log X, dy = (log x-\-l)dx. 

n 1 J 2dx 

6. y = z T- dy = - 



logx^ x(loga^y 

7. y = log(l + ar^)2, or 21og(l + x2). 

, 4:xdx 
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8. Jf = log VT+P. /fy- «fe . 

»• J'=iog(vT+p+vnrp). 

d,=ifi — L_w 

10.,.logl±^, or log(l + V5)-log(l-Vx). 

dy = ^ 

Vi(l-a;) 

ll.y-log[Vnri(l + x)], or ilog(l-,)+log(l+^), 

^ 2(1_««) • 

12. y = log.4x* dy^n^. 

4x 

i;i ,, = ^(1 _ a^. dy = c-(l _ 2« - «»)<fa. 

14. y = a-. dy ^ ^^j^g ^ ^ j^^ 

15. fj=x^. rf»=^^ ^+a?loga; 

16. y = «*•. rfy ^ c^'x'Clog » + l)dx. 

17. y = »«•. ^y ^ a;«-a^riog!B (log x + l) + ^dx. 

18. ^ = 2!"^'. # = 2a!'^-log!r^. 

X 

19. y«(loga,)'. dy = (logir)flog(log«) + -l_"]da. 

L log xj 



20, y = log (c- _ c- -). dy = ^+« 









22. y = f2V 



<^y=(;^X'<-'y 
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Algebraic functions may sometimes be differentiated 
with greater facility by first passing to logarithms, but 
it is usually more expeditious to differentiate directly. 
Differentiate the following by passing to logarithms. 



24. y=:x-Vl-x(l-{-x). 

log y = logx-\-i log(l - a;) + log(l + oj), 

y \x 2(l-a:) l + a^y ' 

.-. dy = .Vni^Cl + .) ,^^',t,l,7(i + a:) ^ 
2-|-aj-5ar* 



2Vl^ 



dx. 



X 



25. y=T— ' — • «i/ = 



26. y = £(l±^. 1 + 30^^20^^ 

27. y = aK dy ^a^b'logalogbdos. 



oo 1 VI + » + Vl — aj , dx 

29. y = log ^ "^ ^ dy=: — 



Vl 4- a? — Vl — X x-y/l — ar^ 

fir 

30. y = rf<»««. dy = a^^«*loga— . 

a; 

da; 



31. y = log(Vaj — a + -Vx — b), dy = 



2V(a;-a)(a;-6) 



32. y=log(aj-Vaj2-a2). (iy= ^ 
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30. Applioatioiui. 1. Compare the rates of change of a num- 
ber and its logarithm. 

ajsslogay, whence — = — , or the logarithm (x) changes 

dy y 

faster or more slowly than the number (^), according as the 
number is less or greater than the modulus of the system. 
Since m = 1 in the Naperian system, the Naperian logarithms 
of proper fractions change faster than the fractions. 

2. Compare the rates of change of a number and its loga- 
rithm in the common system, when the number is 534. The 
modulus of the system where base is 10 will be shown to be 

.434294, /. ~ = ^^^^ = .00081, which will be found by ex- 
amination of the tables to be the tabular difference correspond- 
ing to the number 534. Since — changes with y, the relative 

rate of change of a number and its logarithm varies with the 
number. If we assume that for an increase of say .1 in the 
number there will be a proportional increase in the logarithm, 
the quantity to be added to the logarithm of 534 to obtain the 
logarithm of 534.1 will be .1 x .00081 = .000081. This, in fact, 
is the manner of using the tabular difference of the tables, 

and is equivalent to the supposition that — remains constant 

while the number 534 changes to 534.1, a supposition which, 
although not strictly true, gives results sufficiently accurate 
within the limits of practice. 

3. Find the tabular difference corresponding to the number 
3217. Ana. .000135. 

4. Prove that the rule for the differentiation of a power 
applies when the exponent is incommensurable. 

Let y = af , n being incommensurable. Passing to logarithms 

(first squaring, as y may be negative, and negative numbers have 

dy dx 
no logarithms), log y = n log a, .*. — = ?i — ; ot dy= ± nx^~\dx. 

y X 
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5. Prove in the same manner that the rule applies when the 
exponent is imaginary. 

6. Find the slope of the logarithmic curve at the point where 
it crosses the axis of F. 

X = log^y, .', ^ =^ ■"' which for as = (whence y = 1) becomes 

—• Since y = 1 when oj = 0, whatever the base, the slopes of 

all logarithmic curves at their common point on the axis of T 
vary inversely as the moduli of the systems. In the Naperian 
system m = 1, hence the slope of x = log y is the ordinate of 
the point of contact. 

7. Find the equation of the tangent to x = log y. 

Ans. y — y'=:y'(aj — a'). 

8. Show that the subtangent of x==log^y is constant and 

equal to the modulus of the system. Also find the subnormal. 

dy' y^ ,dx* 

^ dx' m^ ^ dy' 

9. Compare the rates of change of x and its xith power when 
a; = 1. Ans. The rates are equaL 

10. Compare the rates of change of x and its arth root when 

Ans. 3^ = 0. 
ax 

The Trigonometric Fhinctions. 

31. Circular measure of an angle. 

Any angle AOB, measured in degrees, may also be measured 
by the ratio of its arc to the radius of its arc, since for any 
given angle this ratio is constant whatever 
the radius of the arc. If the arc be de- 
scribed with a radius equal to the linear 

X 

unit, then, since x = r6 (Fig. 6), - = tf, or, 

by this method, the angle is measured by 

the arc intercepted at a unit's distance. To express the angle 




38 THE DIFFEEENTIAL CALCULUS. 

n^ in circular measure, we have - = =s2ir for the circular 

measure of 360** ; hence the circular measure of 1** is — ^ = '^ 



Ww 



360 180' 
and of n** is ^^; or the circular measure of an angle is expressed 

by multiplying the number of degrees by r^- 

X ^^ 

Since - = 1 when x^r, the unit of circular measure is the 

angle whose arc equals its radius ; or, making j^ =1, n = 

= 57^3 nearly. ^^" '' 

32. Differential of sin a;. 

Let the point P move in the circular path AB, x being the 
length of the path, estimated from A, at any instant when the 
generating point is at P. Then 

PD = y = sin X. 

If at this instant the motion of P should 
become uniform along the tangent at P, the 
changes in AP and PD would also become 
uniform. Hence if PQ, -BQ, are what the 
increments of x and y would be in any interval dt, PQ = dx 
and BQ = dy = d (sin x) . But BQ=PQ cos AOP, Hence 
dy = cos xdXy or the differential of the sine of an angle is the 
cosine of the angle into the differential of the angle, 

33. Differential of cos x. 

In Fig. 7, SD = EP, being the decrement of OD simultane- 
ous with BQ and PQ, is the differential of cos x. Hence, if 
OD = y = cos X, dy = RP^ — PQ sin AOP=^ sin ocdx. 
Otherwise : y = cos a? = VI — sin* x, whence 

— 2sina«f(sina?) sin aj cos ajcto 

dy = "^ —^ = — = — sin osdx, 

2Vl-sin«a? cos a? ' 

or ths differential of the cosine of an an^gle is minus the sins of the 
angle into the differential of the angle. 




J 
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34. Differential of tan a?. 

Let 2/ = tanaj = • Then 

^ cos a? 



__ cos xd(sin x) — sin gd (cos x) _ cos'a? + sin^a? , 
dx 



cos^oj COS* a; 



cos* a? 



= sec^xdXj 



or t?ie differential of the tangent of an angle is the squa ^ of the 
secant of the angle into the differential of the angle. 

35. Differential of cot x. 

Let y = cotaj = tan[- — a?)- Tken 

d2^=ssec*(^ — aj]( — da?) = — cosec^axZas, a result which may 

N / cos X 

also be obtained by differentiating w = cot a? = -; — • Hence 

sin a? 

The differential of the cotangent of an angle is mimis the square 
of the cosecant of the angle into the differential of the angle. 

36. Differential of sec x. 

Let « = secaj = • Then 

cos a; 

, d(cosaj) sinajcZaj . , 

ay = ^^ — r-^^ = — = sec x tan ajoa;, 

cos* X cos* X 

or the differential of the secant of an angle is the secant of the 
angle into the tangent of the angle into the differential of the angle. 

37. Differential of cosec x. 

Let y = cosec x = sec [ ^ — x\ Then 

dy = sec { 1 "" ^ ) *^"^( ^ "" ^ ) ( "" ^^) = "" cosec x cot xdx, 

or the differential of the cosecant of an angle is minus the cosecant 
of the angle into the cotangent of the angle into the differential of 
the angle. 
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38l Differential of Ten a?. 

Let y = vers a = 1 — cos a. Then dy = sin xdx, 

or the differenticU of the versine of an angle is the sine of the angle 
into the differential of the angle. 

39. Differential of coTen x. 

Let y = covers a = 1 — sin aj. Then dy = — cos xdx, 

or the differential of the coversine of an angle is minus the cosine 
of the angle into the differential of the angle. 



Examples. Differentiate 


1. ^sssinGx. 


dy 


2. y=scosaj*. 


dy 


3. ysscos'a?. 


dy 


4. y = tan (3 -50^)1 


dy 


5. y = sm«(l-2aj2)8. 


dy 


6. y = (sin X cos a?)*. 


dy 


7. y = sin2a;co8 2aj. 


dy 


8. y = sin* (1 - ix?y. 


dy 


9. y = tana? + sec 05. 


dy 


10. y = x+ sin 05 cos a?. 


dy 


11. y = tan VI — aj*. 


dy 



6cos6o5(2a5. 

- 2o5sina5'c2a;. 

- sin2ax2a;. 

- 20a;(3 - 5a:2)secX3 - Qx'fdx. 

- 8a?(l- 2a;»)2 sin(l- 2a?ydx. 
8m2xQOB2xdx. 

2 cos ^asdx. 

- 4aj(l - a?)sin2(l- a:»)«daj. 



= l±^d^ 



cos* a? 



= 2cos*axte. 

xdx 



— sec' Vl — ^ 

. ^^ V , cos (log a?) , 

12. y = sm (log x). dy= dx. 

X 

13. y = log (cot 05). dy = — 



Vl-aj« 



sin 2 a; 

14. y = m sin* aa?. (Zy = amn sin" ~^ oas cos oaxia:. 

16. y ss sin' a;. dy = sin' a; (log sinje + 05 cot x) dx. 



THE TRANSCENDENTAL FUNCTIONS. 41 

X 1 3/ 

16. y = vers -• dy = - sin - dx, 

17. y = sin c*. dy = €f' cos e" da. 

18. y=iQi? cos 05*. dy = 2a?(cos aj* — a?* sin as*) (fa;. 

19. y = sin-- di/ = sCos-cZa?. 

^ aj ^ y? X 

20. y = log (sin a?). dj^ = cot a^da;. 

21. y = sin oa? sin* a?. dy = a sin*"^aj sin {ax + a?) da?. 

1 1 

oo 4.« « ^ sec*a*log a -a* da? 

22. y = tana*. dy = ^^ • 

23. 2^ — «•'"•. dy = a? •*"«/^2i5^ 4- log a? cos aj^j da?. 

24. y = (sin aj)~'«. 

dy = (sin a;)~** |cot x cos a? — sin x log sin x\ dx, 

(sin waj)* , mn(sin na?) """^ cos («na?—na5) , 

2b, y = 7 ^- dy = — ^^ 7-^ t^^^t^ dx, 

^ (cos ma?)* ^ (cos maj)"+^ 



The Circular Functions. 

40. Differential of ninr^x. 

Let y = sin'^aj. Then a? = sin y. But dx = cos ydy, hence 

da; da; da; 



dy=. 



cos 



y Vl~sin«y Vl - ar^ 



or ^A€ differential of cm arc in terms of its sine is the differential 
of the sine J divided by the square root of 1 minus the square of 
the sine, 

41. Differential of C08~^ a;. 

Let y = cos"^ x. Then x = cos y. But da; s= — 'sin ydy, hence 

, dx dx dx 

dy = — - — = - 



sin y Vl - cos*y VT^^ 
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or tJie differentiaZ of an arc in terms of its cosine is minus the 
differential of the cosine, divided by the square root of 1 minus 
the square of the cosine. 

42. Differential of tan~~^a?. 

Let y = tan~*a5. Then x = tan y. But dx = sec' ydy^ hence 

• — ^ — <^a? _ dx 
sec'y 1 + tan'y 1 + aj^ 

or the differential of an arc in terms of its tangent is the differen- 
tial of the tangent, divided by 1 plus the square of the tangent. 

43. Differential of cot~^ x. 

Let y=:cot"*aj. Then a: = coty. But dx = — coseo* ydy, 

hence 

, — dx dx dx 

cosec^ y 1 + cot' y l-\-a^ 

or th£ differential of an arc in terms of its cotangent is minus the 
differential of the cotangent^ divided by 1 plus the square of the 
cotangent. 

44. Differential of 8eo~^ a?. 

Let y = sec~^ a. Then x = sec y. But dx = sec y tan ydy, 

hence 

, dx dx dx 

sec y tan 2^ sec y Vsec'y - 1 aVoj'-l 

or the differential of an arc in terms of its secant is the differential 
of the secant, divided by the secanz into the square root of the 
square of the secant minus 1, 

45. Differential of co8eo~^iv. 

Let ysscosec'^oj. Then a?=cosecy. But cte=— cosecy cot ydy, 

dy==- 



b«^^« dx 



X 



ViC^-l 
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or the differential of an arc in temns of its cosecant is minus the 
differential of the cosecant, divided by the cosecant into the square 
root of the square of the cosecarU minus 1. 

46. Differential of verg-^ fir. 

Let y = vers "^ a. Then x = vers y. But dx = sin ydy, hence 
J dx dx dx 



sin y VI- cos* y Vl-(1 -versy)* 
dx dx 

or the differential of an arc in terms of its versiyie is the differential 
of the versinCj divided by the square root of twice the versine minus 
the square of the versine, 

47. Differential of covers-^ 0!;. 

Let y = covers"^ oj. Then x = covers y. But da; = — cos ydy, 

hence , 

J dx 

dy = , > 

or the differential of an arc in terms of its coversine is minus the 
differential of the coversine^ divided by the square root of twice 
the coversine minus the square of the coversine. 

Examples. Differentiate : 

4:Xdx 



1. y = sin~^2a^. dy = 



2. y = cos~^ Vl — iB*. dy = 



Vl-4jr* 
dx 



1 
4. y = tan-'a'. dy=- ^M^ . 

3?{l + a') 
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dx 



5, y — tan" V. dy = 



6. y = sin"^(taiiaj). dy = 



7. y = cos~^(2cos«). dy = 



8. y = cos~^(log a?). dy= — 



9. y = log(cos"^a?). (iy= — 



— ^— ^_^_^^-^_^^^ « 
Vl — tan* oj 

2sina^ 

— - 

VI — 4 cos* 05 
dx 



«Vl-log*aj 

dx 

cos-^aVl — aj* 



ida;. 



10. y = tan-^-^. dy = 2(l-a^)d^, 

11. y = a? sin"^ a? — VI — ar^. (fv=( sin~^ajH ) 

\ Vl-aj«/ 

12. aj = rversin~^^ — V2ry — y*. 

r 

daj= 

^2ry-'y^ 

13. y = (sin-la:)- 

dy = (sin-^ a:)-^ 1 8in-^a:log(sin-^x)Vr::? + a: | ^ 

14. y = af^-\ riy = ^n-i4sig:1^4.JgS^lcto. 

(a; Vl - fl!« > 



^ _ y^y 



15. y = 8in-^2. dy= ^ 



■\/r^^a^ 



16. y = cos-^5. dy = - ^ 



Vr* — a* 



17. y = tan-^?. dy= ''^^ 



r ^ r* + a2 

18. y = cot-2. ^3^=-m 

r r + ar 
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19. y = sec ^— dy = 



^ 05 VaJ^ — r* 

20. y = cosec-^-. dy=- '^^ 



r xVoi^ — r^ 



21. y = vers~^— c?y = 



do; 






22. y = covers"^ -• - dy= 

24. y = sin~^ Vsma. dy = J^ Vl + cosec x dx. 



25. y = log^i±|y+itan-iir. dy 



l-CB 



27. y = sin-i^±^. dy = ^ 



V2 Vl-2aj-jB* 

28. y = (r^ + aj2)tan-i-. dy = f2a; tan"^- + r)dx. 

r \ T J ' 

29. y = tan~^ (n tan x). dy = 



cos* a? + n* sin* x 
30. y = cos~^ (cos 2 a;). dy = 2daj. 

48. Applications. 1. A wheel revolves about a fixed axis 
through its centre. Compare the velocity of a point on the 
rim with its velocity in a horizontal direction. 

The horizontal velocity is evidently the rate of change of the 
cosine of the arc described by the point ; hence, if the arc be 
denoted by a, y = cos x, whence dy= — sin xdx, which is also 
the relation between the rates of y and x. The point is there- 
fore moving in a horizontal direction sin x times as fast as it 
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is moving in the arc. At the highest point, where x = 90°, 
sin 2 = 1, and dy = — dx, the rates being equal. At x = 30°, 
sinx = i, and at this point the horizontal velocity is one-half 
that in the arc. 

2. Compare the horizontal and vertical velocities of a point 
on the rim of a wheel which rolls without sliding with a constant 
velocity m on a horizontal line. 

In this case the path of a point *' 

on the rim is a cycloid whose equa- 
tion is a; = r vera"' - — VSry — y*, 
whence ^= ^ g (1), 

Since the wheel has a constant 
velocity m in a horizontal direction, and Its centre C is always 
vertically over D, this velocity is the rate of change of 



Hence 



d|^rvers-'^J 



dv_ 



- 1 = 7^2^^- 
Substitntmg this value in (1), 



,=0, „d 1-1=1=0. 

. = 2n=ndJ = | = 2»,| = 0. 
... and * = | = ™ * = ™V2. 
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3. Find the subnormal of the cycloid. 

= PM = ND, or the normal passes through the foot of the 
vertical diameter of the circle when in position for the point 
P. Hence, also, the tangent passes through the upper extrem- 
ity T. Therefore to draw a tangent and a normal at any point 
P, put the generating circle in position and join P with the 
extremities of its vertical diameter. Also, to draw a tangent 
parallel to a given line, draw BQ parallel to the given line, and 
PQ parallel to the base. Then P is the required point of tan- 
gency. 

4. A man walks in a direction AB, Compare the rate of 
change of his distance from a point with the rate of his 
angular motion about 0. 

Let fall the perpendicular OD = p upon AB, and take for 
the pole, OD for the polar axis. Then the equation of AB is 

r=-^-^f whence -^=i- — rz" :57' ^or ^ = 0, :5t = 0: for 
cos^ dt cos*^ dt ^ dt ^ 

' dt 

5. An elliptical cam making two revolutions a second about 
a horizontal axis through one focus, gives motion to a bar in a 
vertical direction through the centre of revolution. The trans- 
verse axis being 6 and the eccentricity f , find the velocity of 
the bar when the angle between the vertical and the trans- 
verse axis is 60° ; 90^ 

a(l-e«) ^ dr aHi-e'^esmede , . , ^ 

r s= := ^, whence :=t = 7^ — ^ry- -^p which for 

1 — ecos^ dt (1— ecos^)* dt 

a = 3, e = *, and ^ = 47r, becomes - _i5|HLl_.^ ^. When 
^' dt ' (3-2cosd)« 

^ = 60°,^ = -5V37r; when ^ = 90% ^ = -^^. 
' dt ' dt 9 

6. The crank of a steam engine is one foot in length and 
makes two revolutions a second. If the connecting rod is 5 
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feet in length, find the velocity of the piston when the cnuik 
makes angles of 45°, 135°, 90°, with the line of motion of the 
piston rod. Let a, i), z, represent the ciank, connecting rod, 
and variable side of the triangle, respectively, and $ the angle 
between a and x. Then x = a cos + Vfe' — a'sin*(l, whence 

^ !.=;„«_._ «'sinflc08« >dfl. 



(U ( Vft'-a»sin»tf 1* 

which for a = l, 6=5, — =45r, becomes 
dt 

I V25 - sin' tf > 

4n«. -i^V2^; -I^VSiri -4». 

7. Find the elope of y = ain x at the points where the curve 
crosses X. Ana. ± 1. 

8. Find the angle at which y = SYax crosses y = cos x. 

Am. tan-'2-v^. 

9. Find the length of the normal to the cycloid. 

Ana. '^2ry'. 



CHAPTER III. 

SUCCESSIVE 

49. Equieresoent variable. A variable which changes uni- 
formlyj that is, whose rate is constantj is said to be equicrescent. 

50. ITie differential of an equicrescent variable is constant. 

doc 
Por, if a; be equicrescent, its rate — is constant. But dt is 

dt 
constant ; hence dx is also constant. 

duR 

It is evident that, if — is not constant, dx is a variable. 

' dt ' 

The above is a direct consequence of the definitions ; for the differen- 
tial of a variable is what would be its change during any interval were its 
rate of change to remain throughout the interval what it was at its begin- 
ning. If the rate varies from instant to instant, differentials correspond- 
ing to equal intervals also vary; while if the rate remains the same, these 
differentials are equal. 

51. Successive derived equations. 

Let y =/(«). Then dy=f(x)dx, in which /'(«)=^' 
the first derivative. 

% Now, in general, dy, or /' (a?) dx, is a variable. For dx is a 
variable unless x is equicrescent ; and /' (x) is a variable unless 

f(x) is linear, in which case it can be reduced to the form 

dv 
y = mx + b, whence ~ =/' (aj) = m, a constant. Hence, unless 

the function is linear and x is equicrescent, dy =sf'(x)dx is 
variable, and, being true for all values of x, can be differenti- 
ated, thus forming a second derived equation which may in its 
turn be differentiated, a repetition of this process leading to 

49 
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successive derired equations called the fiAt, second, third, etc., 
in order. 

Since differentiation introdnces no function whioh has not 
been already treated, the successive derived equations are ob- 
tained by the rules already established. 

52. notation. The second differential of a variable x is 
represented by the symbol ^x, read 'second differential of x,' 
the exponent btfing a symbol of operation indicating how many 
times the variable has been differentiated. The student will 
observe the different meanings of the forms dPx, dn?, and d (at)*. 

Illustration. Given y" = 2px. The first derived equation 
is 2ydy = 2pdx, or ydy = pdx. Differentiating again, we have 

yd{_dy) + dyd{y) =pd{dx), 
, in the above notation, 

y(Py + dy'=p^, 
lich is the second derived equation. Differentiating agun, 

yd(d^) + d^yd(y) + 2 dyd{dy) =pd(dh;), 

ydV 4- <Pydy + 2 dyd?y = p^, 
lenee ytPy -^Zdy^=pd?x, 

lich is the third derived equation. 

If X were equicresceut, the successive derived equations 
)uld be much simplified. For when x is equicresceut, dr is 
ustant, and, since the differential of a constant is zero, all 
e successive differentials of x after the first would vanish, 
ms, in the above illustration, d?x = d^x = etc. = 0, and the 
ccessive derived equations become 

ydy =pdx, 
yd?y + dy' = 0, 
yiPy + Sdyd^ = 0. 

53. Bemark. It ia important to observe that in most cases 
is permissible to consider the variable equicrescent and thus 
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secure the simplicity above noted. For example, let y =/(«) 
be the equation of any plane curve. The assumption that x is 

equicrescent, or that — is constant, implies that the velocity 

of the generating point in the direction of the axis of X is con- 
stant. Now, so far as the geometrical properties of the curve 
are concerned, these being independent of the velocity of the 
generating point, we are at liberty to make any assumption re- 
garding the velocity which will facilitate their investigation. 
We therefore assume the velocity-law in the curve such that 
the motion in the direction of the axis of X is uniform. 

Again : suppose a right cylinder is inscribed in a right cone, 
the problem being to find, of all right cylinders so inscribed, 
that one whose volume is the greatest. If the radius of the 
base and altitude of the cone are h and a, and those of the 
cylinder x and y, we have 

6 : a : : a; : a — y, 
whence a; = - (a — y) ; 



A 



and if V is the volume of the cylinder, h — ^ 

F= Trya^ = 'T - y{a — 2^)^ 

Now in determining the gred-test value of V, it is evidently 
immaterial whether we regard y equicrescent or not, since the 
cylinder of greatest volume is independent of the law of change 
of y. 

In functions of a single variable, unless mention is made to the 
contrary, the variable will hereafter be regarded equicrescent. 

Examples. Regarding x equicrescent, form : 

1. The second derived equations of 

ay + b^a^= aV, ahfdhf + aHf + Vda? = 0. 

f-\'7?^IP, yO'y -h df -h da^ = 0. 

xy=:m, 2 dydx -|- ocd^y = 0. 

y=ic^logx, dh^ = 2\ogxda:^+3dsi?. 



I 
I : 
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2. The fifth derived equation of y s a^ log x. 

X 

a? 

3. The fourth derived equation of y = 



1-aj 



! I 



(1 - xY 

4 The third derived equations of : 

y = tan x, cPy = 2 (3 sec* a? — 2)sec* xda?. 

X or 

y = cos Xf cPy = sin xda?. 

5. Prove that the nth derived equation of y=ra' is 

d»y = (log aYa'daif^, 

6. K y = log sin x, prove that dN = 2^?--^(to'. 

sin^a 

7. If y =s sin~*V^, prove that cPy = -cte*. 

8. If y = m cos^Tiwj, prove that 

dPy = — m*| (cos Tnaj)* — (m — 1) (cos mas)*"* sin* ma;|cto*. 

9. If y = oo!*, show that d*y = 0. 

54. Successive derivatives, or differential coei&cientB. 

Let y =/(«), in which x is equicrescent. The first deriva- 
tive oijXx) has been defined as 3^ = — '=A-^> and is the ratio 
•'^ '^ dx dx 

of the rates of change of the function and its variable. Since 
the first derivative is variable except when f(x) is linear, it is 
in general a function of x and may be denoted by f'(x), or 

-p =/'(«) ; it may therefore be differentiated in its turn, and 

a second derivative formed by dividing d[/'(a5)] by dx, and 
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this process may evidently be continued until a derivative is 
reached which is constant. The successive derivatives thus 
obtained are called in order the first, second, third, etc., deriva- 
tives, and are denoted by/'(a5), /"(«), /"'(a?), etc. 

Since each derivative is obtained from the preceding one in 
the same manner that /'(«) is obtained from /(a), it follows 
that: 

1. The nth derivative of f(x) is the ratio of the rate ofchxmge 
of the (w — 1)*A derivative to that of the variable. 

2. The nth derivative off{x) may be obtained either by differ- 
entiating the (n — 1)^^ derivative and dividing by dxy or by divid- 
ing the nth derived eqttation by doc^. 

Illustration. Given y = a + ba?. The first derivative is 

Differentiating, remembering that dx is constant, 

^=^6bxdx, 

dx ' 

whence the second derivative 
Differentiating again, 

whence the third derivative 

g = 66=/"'(.). 

Here the process ends, since the third derivative is constant. 
Otherwise, differentiating y=za-^ba? successively three times, 
the successive derived equations are 

dy = 3 boi^dx, cPy = 6 bxdoc^y cPy = 6 bda?. 
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md, diridii^ the last by d^, 

18 before. *^ 

55. Siga of th« nth dshvatiTe. Since f'(x) is positiye or 
legative as f(x) ia an increaaii^ or decreasing fnnction (Art. 
!2), and since /"(m) ia the first derivative of f'(x),f"'(x) the 
irst derivative of /"(a;), etc., therefore /"(a;) vnil be positive or 
tegative <u/'~'(z) ia an increasing or a decreasing fimction. 

Examples. 1. If y = mar, prove that ^-^ or /'"{x), is 



m'(>» 


,-i)(™ 


- 2) «■-■. 




/'«• 
/"(») ■ 

/»'(.): 




.l)ri— . 
-l)(m-2) 


ar-*. 


X, prove 


th-tS 


= 2e'cOsa;. 





/'(»)=ie"cosa!+e' sin ic = 6" (cob a; -|- Bin*). 

f"(x) = e{— sin X + COS «) + e'(cos K+ ain a;) = 2e COS x. 

3. If y =s log COS a!, prove that /"'(a;) =- 2 sec'a; (3 sec'a; — 2). 

4. If y = Vr^^ prove thatg = -^^. 

5. If y = e""", prove that 

f"'{x) = e"'"'coaa; (cos' a; — 3 sin a: — 1). 

6. Ky*s=aec2aj,prove that/"(3:) = 3y' — y. 

7. If y=a.'", prove that /•(a;)=6'log'a-o'". 

The following first and second derivatives, being of frequent 
ise hereafter, may be here established for future reference. 
n all implicit functions of two variables, x will be regarded as 
he equicreacent variable unless otherwise mentioned. 
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9. The ellipse, oy + 1^a?= a'ft». 

10. The circle, f-\- a?= B^. 

/'(a;)=-g=T , g • /"(*) = -?• 

11. The hyperbola, ay — 6V = — oV. 



a*y a ^a? — a* "V 

12. The hyperbola, asy = m. 

13. The parabola, y* = 2px. 

14. The cubical parabola, ^ = a^a;. 

15. The semi-cubical parabola, ay^ = a^. 

16. The witch, aj^y = 4a*(2a-2^). 

•^ ^ ^ a^ + 4a« (a*4-4a*)* 



(a^ + 4aV 
17. The cycloid, « = r versin"^- — V2ry — 2/^. 



/.(,)= ±V2^. /"(-) = -^- 
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7? 



18. The cissoid, y* = - 



2a — a; 

3a» 



fix) = ± x^ 3^-^ /" (a:) = ± 



(2a -a;)* a;*(2a-«)* 

19. The hypocycloid, «» -|- y* = a* 

20. The catenary, y = ^ (e* + e~"). 

21. The logarithmic curve, x = logy. 

22. The sinusoid, y = sin a?. 

f{x) = cos a;. /"(») = — sina? = — y. 

56. Bemark. If a function becomes infinite for definite value 
of the variable, its derived functions also become infinite. 

For if the function be an algebraic one, it can become infinite 
for a finite value of the variable only by having the form of a 
fraction whose denominator vanishes for that value, and, in 
differentiating to form the derived functions, this denominator 
never disappears. So that if f{x) = oo when x=x*,f'(x), 
/"(aj), etc., also become infinity when x = x\ Examination of 
the transcendental functions leads to the same conclusion. 
Thus log X becomes infinity when a; = 0, as do also all its deriv- 

11 - 

atives -> — -3? ^tc. ; and a*, tan x, sec x, illustrate the same fact. 

This is not necessarily true when f(x) becomes infinity for 
an infinite value of the variable. Thus, log a; = 00 when a? == 00 ; 

but f'{x) = - becomes zero for aj = 00. 



I 
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57. Hotation. To denote what a function becomes for a 
particular value of the variable, the variable is replaced by its 
particular value. Thus, /(a), /(O), /(«'), represent what f{x) 
becomes when x^a, a: = 0, a; = «', respectively. The particu- 
lar value may also be written as a subscript in either of the 
following ways : 

i 1 
read - equals zero when x is infinity.' 

58. Change of the equicrescent variable. 

In forming the successive derivatives of y =f{x) we have 
considered x equicrescent, that is, dx constant, and hence 
cPx = d^x = etc. = 0. 

If x is not equicrescent, dx is a variable, and 



<i) 



dxd^ — dycPx .-. v 

dx "" d^ ' ^ ' 

which is the general form of the second derivative when neither 
X nor y is equicrescent. 

Differentiating (1), regarding dx and dy as variables, we have 



fdxd^y — dyd^x\ 
\ d^ J 



(c^ydx — d^xdy)dx — 3(d^ydx — d^xdy)d^x 
dx "" daj^ .2\ 

which is the general form of the third derivative when neither 
X nor y is equicrescent. The general forms of the fourth, fifth, 
etc., derivatives may be found in like manner. 

If in (1) and (2) x is equicrescent, d^x = d^x = 0, and we have 

5 and % (3) 

da^ da^' ^ ^ 

while if y is equicrescent, cPy = d^y =0, and we have 

dyd^x 3(d^xydy — d^xdydx . . 



I, 



I 



58 THE DIFFERENTIAL CALCULUS. 

Thus the forms of the successive derivatives, after the firsty 
differ, according as the variable, the function, or neither, is 
considered equicrescent. 

To transform a differential expression which has been formed 
on the hypothesis that x is equicrescent into its equivalent in 
which neither x nor y is equicrescent, we have only to re- 
place the successive derivatives by the general forms (1), 
(2), etc. 

To change the equicrescent variable from x to y, we replace 
the successive derivatives by (4) directly, or by the general 
forms, and then make d*y = d^y = etc. = 0. 

To transform a differential expression formed on the hypoth- 
esis that either aj or y is equicrescent into its equivalent in terms 
of a new equicrescent variable $, we first replace the successive 
derivatives by their general forms when neither x nor y is equi- 
crescent, and then substitute for a, y, dy, dx, cPy, cPa?, etc., their 
values in terms of $. 

Examples. 1. Change the equicrescent variable from a to y 

in the expression y — ^ -|- -^ -|- 1 = 0. 

dor dor 

Eeplacinggby -^, we have _y^ + g + l=0, 
dar dor dor dor 

or, dividing by dy^ and multiplying by dar^, 

d^x dx^ dx f. 
dy^ di^ dy 

in which the position of dy indicates that y is the equicrescent 
variable. 

2. Change the equicrescent variable from a? to 2 in the equa- 

d^v 1 

tion 05*— 4 + a^y = 0, having given « = -• 

daf z 

T> 1 • d^v 1 dxd^y — dyd^x i. rj. u *.'*, i.- 

Keplacmg — ^ by ^ — —^ — , we have, after substituting 

dotr dor 

^ dz ;i -12 2dz^ d^y , 2dy , o a 
dx= and a^x = — — , ~-^- H ^ + a^y = 0. 

r sr dz^ zdz 
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3. Cliange the equicrescent variable from aj to Hn the equa- 
tion — ^H ^-|-y = 0, having given ic* = 4^ 

dor xdx 

From a^ = 4i, dx — — ^ d*a;= . Hence, replacing 

^ V« 2t^t ^ , 

— ^ by the general form as in Ex. 2, we find i— ^-|--^-|-^=:0. 

4. Change the equicrescent variable from a; to ^ in 

d^y X dy ^ ^ =^0, 
cto^ l—T^dx 1 — iC* 

having given a = sin B, 

dx = cos Odd, cPa; = — sin ^d^, 1 — a^ = 1 — sin* $ = cos*d. 

Hence 

dxd^y — dyd^x __ x dy , y __ cos SdSd^y -h sin Od^dy 
d7? l-x'dx 1-a?^ cos^^d^ 

' sin ^ dv , y A cPv I A 
^ — ^ — = 0, or — ^ 4- V = 0. 

cos* ^ cos OdO cos* ^ ' d^ ^ 



{^^% 



5. Change the equicrescent variable from a? to ^ in the ex- 

. J' 

pression -^ , having given x=^a cos 0, y = b sin 0. 

d^ ^^^ _ (a*sin*^-hycos«^)* 

ab 

6. If (a*-a^)^-- — -2 = 0, show that ar^^-2; = 0, 

dor X dx dy^ 

having given a^ + y* = a*. 

We have from a^ -|- y* = a*, dx= — ^dy, d^x = — ^ / « 

aj ar 

Replacing — ^ by -^ , substituting the above values 

of dx and d^x, and for a^—x^ its equal y*, the given expression 
becomes a*-4 — 2 = 0. 
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7. Change the equicreBcent variable from x to in the i 
pression 

having given y = r sin 0, x = r cos $. 

dy =s sin Odr + r cos ftW, dx = cos 6dr — r sin AW. 
(Py = sin ftfV + 2 cos Wfldr — r sin W^. 
tRr = 003 APr - 2 sin ftWrfr - r COS 0(W. 
Substituting these values, we find 

tPydx — <Fxdi/ cPydx — d?xdy „dif _ ^ . 
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Acceleraiwn.8. 



efined (Art 6) as the rate of change of the distance passed 
ver by a moving point ; hence if s be the distance and v the 



The rate of change of v is called the acceleration. 
Now the rate of change of v is 



ence — j measures the acceleration of the point in its path, 
ieing the rate of v, the acceleration is the amount by which tTie 
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velocity wovM change in a unit of time were the velocity-rate to 
become constant at the instant considered. Thus, if at any in- 
stant the acceleration is said to be 5, it is meant that at that 
instant the velocity is changing at the rate of (5 feet per sec- 
ond) per second, or (5 miles per hour) per hour, according as 
the second or hour is the unit of time, and the foot or mile the 
unit of distance. 

ds cPs 

Cor. 1. If 1; = -^ is constant, -z-2=0, or in uniform mo- 
tion there is no acceleration. 

dx ■ dv 
Cor. 2. Since ^, ^, are the velocities in the directions of 

the axes, -j-^y -=4) are the corresponding accelerations. 

60. Signs of the axial accelerationg. 

d^x 

— - may be plus or minus, and the sign is interpreted as fol- 

dx 
lows : When plus, the velocity — is accelerated in the positive 

^^dx 
direction of X Thus, suppose — is negative, or the point 

^ (Pa; . . 

moving in the negative direction of X; then if — is positive, 

(Jiv 

the velocity is being accelerated in the direction 4- X, that is, 
it is algebraically increasing, although numerically diminish- 
ing, till the motion is reversed, after which it increases numeri- 

d^x 
cally. In other words, the ± signs of the accelerations -— , 

cPy . ^ 

-^, must be interpreted as an dtgehraic increase or decrease of 

the corresponding velocity whether the latter be positive or 
negative. 

Examples. 1. A point moves in the arc of the parabola 
y^= 2px with a constant velocity m. Find the accelerations 
in the directions of the axis. 

From the equation of the path we have 

dy_pdx .^. 

dt ydt' ^ ^ 
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and, by condition, 

fn = ^ = J(P!+m [Art. 26. 



cly 
Substituting in this the value of -^ from (1), we have 



which in (1) gives 

dy _ mp ,g. 

dt V7+? 

Differentiating (2) and (3), and dividing by dt to obtain 
their rates, we have 

<Py mpy |^__ ii'flhf 

Since —^ is always positive, the velocity along X is always 

increasing algebraically. — ^ is negative in the first angle and 

positive in the fourth, hence the velocity along Fis decreasing 
algebraically in the first angle and increasing algebraically in 
the fourth. These remarks are true when the point describes 
the arc of the parabola in either direction. 

Aty=i>, — ?=-^, — ^ = — — , or at the extremity of the 
dr ^p dr 4/> 

focal ordinate the velocities are changing at the same rate. 

2. A point moves in the arc of a circle, its horizontal veloc- 
ity being 9. Find the accelerations in the path and along Y 
at the point a; = 3, the radius of the circle being 6. From 



x^+f=IP, ^ = -5^ = -^ = - 



9a; 



dt ydt y -yjlp—a? 
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since by condition — = 9. Differentiating and dividing by (ft, 

or the acceleration along X is zero, as it should be since the 
motion in this direction is uniform, and that along T is de- 
creasing or increasing algebraically as y is positive or negative. 
To find the acceleration in the path, we have 



hMm-yl^^-- 



Q^dx_9R 
f dt y' 

whence ^s ^ _9B d^ ^SlBx ^ SlRx , 

Making a? = 3, iZssS, in (1) and (2), 

^ = _31.+ ^=19.+ 
dfi dfi 

3. A point moves in the arc of a parabola, the velocity in 

doB d^s 

the direction of F being constant. Find — , and —^- 

^ dt' dfi 

^— d«_my dg_^m / g . « d^s __ m^y 
dt''^' dt^ p' dt" p ^ '^^' df "pV^H^ 

The Development of Continuous Functions. 

6L Limit of a variable. The limit of a variable is thai value 
which it constantly approaches but never reaches. 

Thus, the limit of a; = 1 -h i -h J-h i -h ••• is 2. 

The statement that 2 is the limit of x implies a particular law of in- 
crease, 11 X increases by the successive additions of J to 1, 2 is not the 
limit of x=l + | + iH — « for by the law of its increase x can be made to 
exceed 2 in value. But a5=l + J + J + J + '" can never become equal to 
2, since by the law of its change each increment is but half the difference 
between 2 and the value of x at any instant So if a circle be circum- 
scribed about a regular polygon, its area is not the limit of the area of the 



b4 THE DIFFERENTIAL CALCULUS. 

polygOD if tbe polygon cbangea by the motiua uf its vertices along the pro- 
duced radii ; for in that caae the area of the polygon may become greater 
Ulan that of the circle. But if the number of Hides of an inscribed polygon 
be indefinitely increased, its vertices remaining in the circle, the area of 
tbe circle is the limit of that of tlie {lolygon, since no inscribed polygon, 
however many Its sides, can coincide with the circle. 

It i8 evident that if we conceive the law of change of a vari- 
able to continue indefinitely in operation, the variable may be 
made to approach as neariy as we please to its limit. Hence 
the difference belioeen a variable and its limit is itself a variable 
whose limit is zero. 

62. The term limit is also applied to a magnitude of varying 
position as well as to one of varying value. Thus, OT, the 
tangent to MN at 0, is said to be the limit 
of the secant OP, since the secant, having at 
least two points in common with the curve 
by definition, can never coincide with the 
tangent ; or, more properly, is the limit of 
^ as i* approaches 0. Observe that, as in 
the previous illustrations, if P approaches 
without condition, is not the limit of ^; Fig. 10. 
but if we affix the condition ' OP remaining 

a secant,' then is the limit of ^, P being made to approach 
as near as we please to but not coinciding with it. 

63. The term limit is frequently used with another meaning 
which must be carefully distinguished from that above ex- 

Thus ± R are said to be the limiting values of x 
he equation a^ + y' = if . To distinguish such limit- 
of a variable from one which the variable approaches 
reaches, the latter is often written x = 2, <}• = 6, 
the illustrations of Arts. 61 and 62 are read 'x ap- 
2 as a limit,' as the number of terms of the series 
indefinitely, 'i^ approaches 6 as a limit,' as P ap- 
(Fig. 10). 
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64. It is evident from the definition that a quantity cannot 
approach two limits simultaneously. Thus, if 2 is the limit of 

x = l-{-i-\-\-\ , X can be made to approach 2 in value as 

near as we please, and therefore no value less than 2 can be its 
limit ; nor can any value greater than 2 be its limit, since it 
can never equal 2 and therefore cannot be made to approach 
any value grpater than 2 as near as we please. 

65. Gontinuous fimctions. A function of a variable is con- 
tinuous between certain values of the variable when it has a 
finite value for every intermediate value of the variable and 
changes gradually as the variable so changes from one value to 
the other. 

Thus, in 2^ = mx + 6, y is a continuous function of x for all 
values oi x'y in aV + 6V = a^b^, y is continuous between 
x=±a\ in aV — ^^ = — ^^^^ V is discontinuous between 
x=±a, and continuous for values of a? > a numerically ; in 
a^ = m, 2^ is discontinuous for a? = 0. And, in general, if ^ is a 
continuous function for all values of a?, y =f(x) represents a 
curve of unbroken extent. 

66. Series. A succession of terms which follow each other 
according to some law is called a series. When known, the law 
enables us to determine any term of the series. 

A series is finite or infinite as the number of its terms is 
limited or unlimited. 

67. The sum of a finite series is the sum of its terms. 

The sum of an infinite series is that finite limit whose value the 
sum of its terms continually approaches as the number of terms 
increases. If there be no such finite value, the series is diver- 
gent ; if such a value exists, the series is convergent. 

68. To develop a function is to find a series whose sum is 
equal to the function. The development of a function is there- 
fore a finite or an infinite converging series ; in the former case 
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the function being the sum of the terms, and in the latter the 
limit of the sum of the terms. 

When the series is converging, the difference between the 
function and the sum of the first n + 1 terms of the series is 
called the remainder after n + 1 terms, and the limit of this 
remainder as n increases must evidently be zero. 

Illubtbations. a function may be developed by involution when its 
exponent is a positive integer. Thus (1 + Jc)' = 1 + 3 x + 3 «* + x*, a finite 
series, whose sum is equal to the function, and which is therefore its 
development 

A function may be developed by division it the indicated division can 

x*— 1 
be completed. Thus, = x* + x + 1* a finite series. When the divisor 

X— 1 

Is not exactly contained in the dividend, division leads to an infinite series, 

as =l + x+9^+2c'*+ *"i and the process also furnishes the remain- 

1— X 

der after n + 1 terms. Since this remainder, when added to the terms 
already found, must equal the function, it must decrease as n increases, 
and its examination will discover whether the series is or is not converg- 
ing, that is, whether it is or is not the development of the function. Thus, 

in the above case, the remainder after n + 1 terms is , which decreases 

1— X 

as n increases, only when x < 1. Hence if x < 1, the series is converging, 

and we may write = l+x + «^ + ac'+*"t understanding that the 

1— X 

second number approximates more closely in value to the first as the series 
is extended; while if x > 1, the series is diverging, and cannot be equal to 
the function, or is not its development. 

Other processes of deriving a series from a function do not afford the 
remainder, and thus do not indicate whether the series diverges or con- 
verges. Thus evolution, or the extraction of the root of a polynomial, 
furnishes in general an infinite series, but no remainder. 

No universal criterion for determining whether a given series is converg- 
ing or diverging has been found. 

G9. Maolaurin's theorem. The object of Madaurin^s theorem 
is the development of a function of a single variable into a series 
arranged according to the amending powers of the variable with 
-finite and constant coefficients. 

The proposed development will be of the form 

f{x) =A + Bx-^Cx^-^Da^-i-E3c^'j' ..., (1) 
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in which A, B, C, etc., are finite and independent of x. It is 
required to fiind such values for A, B, O, etc., as will satisfy (1) 
for all values of x, th^t is, render the series either finite, or, if 
infinite, then converging. 

Since (1) is to be true for all values of a?, it must be true for 
a; = ; whence A =f(x) when a = 0, or the first term of the 
series is what the function becomes when a? = 0. Differentiat- 
ing (1), the successive derivatives are 

/' {x) = B-i'2Cx + 3Dix^ + 4.Ex'-^'", 

/" (a;) = 2 C7-h 2 . 3jDx-h 3 . 4 J5;a^ -h ..., 

f'"(x) = 2'3D-i'2'3'4:Ex-h —, 

etc., 

which, being true for all values of x, are true for a? = 0. Hence 
representing by/(0),/'(0),/"(0), etc., what /(a;), /'(aj), /"(a?), 
etc., become when aj = 0, we have 

-4=/ (0), 

2C=/"(0), .-. C = -^, 

2.3i)=/"'(0), .-. i) = -Q^, 

etc., etc., 

and substituting these values in (1), 

/(a^)=/(0)-h/(0)x-h/"(0),|+/'"(0)^-h ..., (2) 

and the theorem may be thus stated : 

The first term of the series is xohat the function becomes when 
a; = ; the second term is whcvt the first derivative of the function 
becomes when aj=0, into x; the third term is what the second 
derivative of the function becomes when a? = 0, itito a^ divided by 
factorial 2 ; and, in general, the (n -f 1)<^ term is what the nth 
derivative of the function becomes when x = 0, into aj* divided by 
factorial n. 
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If the resulting series is finite, it is equal to the function, 
the two members of (2) are identical, and the development is 
effected. If the resulting series is infinite, it is necessary to 
determine whether it is convergent. 

70. Taylor'i theorem. The object of Taylor's theorem is the 
development ofafunctitm of the aIge1)mo sum of two variables 
into a series arranged according to the ascending powers of one of 
the variables, with finite coefficients depending wpoji the other and 
the constants which enter t!ie function. 

The proposed development will be of the form 

f(x + y)=:P+Qg + Sy' + Sf+-., (1) 

in which P, Q, B, etc., are functions of x, and independent of y. 
It is required to find such values of P, Q, R, etc., as will satisfy 
(1) for all values of x and y, that is, render the series finite, 
or, if infinite, then converging. 

Since (1) is to be true for all values of x and y, it must be 
true when y = ; in which case P=f(x), or the first term of 
the series is what the function becomes when y = 0. 

Let a be any value of x, and P', Q', Jt', etc., the correspond- 
ing values of the coefficients, which are functions of x. Then 
(1) is true for x=a, and we have 

/ia + y) = P'+Q'y + R'y> + S'y>+-, (2) 

whose successive derivatives are 

/' (a + y) = Q' + 2B-y + 3Sy-, 
f(a + y)^2B' + 2.SS'y; 
f"'ia+y)=2-3S'.-, 
etc. 
Since these equations must be true for all values of y, they 
are true for y = 0. Hence 
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Substituting these values of P\ Q\ R\ etc., in (2), 

/(« + y) =/(«) +/'(«)y +/"(«) !+/"'(«) t-, 

in which the coefficients are what /(«), /'(a?), /"(»)> etc., be- 
come when x=za. But a is any arbitrary value ; hence, what- 
ever the value of «, 

/(SB + y) =/(«) +/' («)y +/"(«') I + /'" («) 1^ • • •> 

and the theorem may be thus stated : 

The first term of the series is what the function becomes when 
y=0] the second term is the first derivative' of the function when 
y = 0, irUo y; the third term is the second derivative of the func^ 
tion when y = 0, into y^ divided by factorial 2 ; and, in general, 
the {n-\-l)th term is the nth derivative of the function when 
y = 0, into y** divided by factorial n. 

As before, if the series thus obtained is infinite, it is neces- 
sary to determine whether it is convergent. 

71i Oompletion of Taylor's and KaolaTuin's Formnlasi 

Since the use of infinite seriee aa the equivalents of the fanctions is inadmlMible 
unleaa the aeriea are converging, it is necessary to determine the remainder after n + 1 
terms in the preceding formulsB, and to examine this remainder in any particular case to 
see if its limit is zero as n Increases. 

I. JfJXx) becomes zero when x=a and x = b, and is continuous between these val- 
ues ^ and iff*{x) is also continuous between these values t thenf'(jx;) uHU be zero for 
some value ofx between a and b. 

For, since f{x) =0 for x=a and x — b^ aax changes from a to b, f{x) must either 
first increase and then decrease, or first decrease and then Increase. But the first deriva> 
Uve is positive when the function is increasing and negative virhen it is decreasing (Art. 
22), and therefore in either case it changes sign between the values x=a and x=b\ and 
being continuous, it cannot become infinite, and therefore must pass through zero. 

n. First form of the remainder. 
Resuming Taylor's formula, 

Writing x + y=X, whence p=X-x, and representing by R the remainder after 
n + 1 terms, we have 

(2) /[X) =/(*) +/'(«)(X- «) +/••(») ^^'Z"^' +/■"(«) ^■^^•^• 



> 
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Writtof tba nDMlndu la tb« fono f '^~''* , i> IwIeic ■ IodcHod of Xu^st 

1 dilaniilDad. nlMtUnUag Ihla TSlna of S, uul tniu[»Mlii(, w« obMlB 

(»)A^-A»)-.rwa-')-/''(«) -^ — '-/"(«) ^^^'-- 

BepnwntlDg b; Fit) tb« taDCllon ol < which (3) becomia by nbMltntlng ■ loi z. 



-/-{s 



fj-tr 



I<i-zlB(4],ltbaK<nMldeaUalwilh(S)uiltlwnfan-l). It ■!» bMome* tcr< 

M^ X, for flwr; lenn then ocmialiiB a e^co ftclor. TherflCon, by 1-, iu derlTatlvi 
'(t) nnu be Mro tor toms T*las ol i betwetn x ud J. If 8 b« > propei frmctlan 
-« + *(Jt- z) will npncsnt nub lulsrmedUl* mine. 

IMOtotnUUiiig (4) iDobUln^Ci), wshavc 

^t*) - -/(*) +/(») -flz)(,X~z) +/-(t)(X- t) 

hoM urou TioUh Is palra, «o*pt tba lut twe, glvlog 



BnbnltDtliig tbe nine l-x + HX-x) foe wbleh F'(e) It zera, ws bsTe, ifUr 
tiling Uw eommoD fulor '^~" , 

I whleb 111 we know o( « li Uul lU vtloe Ilea belween ud 1. 
HSTIM Uie remainder after n + 1 lanos 1* 

nd, BDbatltDtiDg In (1), the oompleted form of Tiylor'i ttavorem la 

MtkiLg 2 — 0» and changing g tax, 

theorem. 

remainder after n + 1 termi, which li found b; 
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ferentiatliig the function n + 1 timM and changing xU> « + 9y, or to to, in the (n + l)th 
derivative, and multiplying this result by ^ , or by . . « J^ this remainder is 

zero, the series is finite; if. its limit is zero as n increases^ the series is convergent/ 
ifUis neither zero nor has zero for a limits theformuksfaXl. 

ni. Seoond form of the remainder. 

Writing the remainder in the form R = Pi^X—x), (8) would become 

(7) yXJ) -yXa?) -/•(a?)(X-x)-/"(a?) ^^^^* •••-/"(«) ^^^^-Pi(X-ar)-0. 

Bepreeenting by F{z) what (7) becomes by substituting z for x, 

Fiz)^f{X)-f{z)^f{z){X- z)-r{z) ^^^ '"-r'iz) i^^^ -P,(X-«), 

in which, ItZ'^xorz— X, F(^z) s as before ; and therefore F (z) = OfoTz='X + 0(^X—x) . 
Differentiating to find F'(z)f the terms vanish in pairs except the last two, giving 

F' (z) = -/»+'(«) ^^^^ + Pu 

and, substituting the value of z for which F'(z) = 0, 

-fn^l[x^0iX-x)] [^-(^^g^-^))3% p^.o, 

P^^^^i^^^eix-x)]i^:^^i^^^ 

and j?= Pi(X- X) =/^l(a; + tfy) ?^ r^"-^ 

Substituting in (1), a second completed form of Taylor's formula is 

(8) /(« + y) -A*) +r («)y +/ • («) ^ ... +/*(«:) ^ +/*+!(« + fly) »!!:!^(ki?)!!. 

Making x = and changing y to x, the corresponding form of Maclaurin's formula is 

(») /t«) -/tO) +/'(0)aJ+r '(0) .^ "• H-/*(0) ^ +/*+l(to) ^'^^(^-^)* , 

Li L5 L5 

to which forms apply the remarks made upon (5) and (6) . 

IV. J^t?ie (n + l)th derivative is finite for eM values of n, Taylor's and MaelaU' 
rin*sformuUB develop f(x + y) andf(x)t respectively. 

The first forms of the remainder are 

Ru.ff^\x + 9y) ^^ and R ^f^H^x) ^^. 

But when n + 1» as n increases, becomes equal to x, , begins and continues to 

|n + l 

diminish, each successive value being less than the preceding one. Hence, whatever 

the value of x, provided only it be finite, as it is by hypothesis, -^ tends to the limit 

|n+.l 

zero as n increases indefinitely. It follows, therefore, that if the (n + l)th derivative 
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!:ii! 



doM not become infinite with n, R approaches zero as n increases, and the series is 
convergent. 

The same is also true of the second forms of B, 

V. It is evident that the sam of the first n terms of a series cannot approach a fixed 
value as n incr ea s e s indefinitely, unless the terms finally decrease ; that is, unless the 
ratio of the nth term to the one before U becomes and continues less than unity as n 
increases^ the series cannot be convergent, 

72. Applieationf. Assuming that the following functions 
can be developed, show that : 

1. (a 4- xy = a^ 4- '<^cfx 4- 21 aV 4- 35aV4- 35aV 4- 21 aV 

4-7aa^4-a5'- 
Making a? = 0, /(O) = a\ 
The successive derivatives are : 

/' (aj) == 7(a 4- «)•, whence /' (0) = 7a\ 

/"(0) = 6.7a«. 
/'"(0) = 5.6.7a^ 
/^(0) = 4.5.6.7a». 
f (0) = 3.4.5.6.7a^ 
/^(0) = 2.3.4.5.6.7a. 
/^(0) = 2.3.4.5.6.7. 



a 



u 



u 



(( 



/"(«) = 6. 7(a-|-ajy, 

/'"(a?)=5.6.7(a4-«V, 
/^(aj) = 4.5.6.7(a4-a?)', 
f^ (a;) = 3.4.5.6.7(a4-aj)S 
/^ (a?) = 2 . 3 . 4 . 5 . 6 . 7(a 4- aj), " 
/^(a;) = 2.3.4.5.6.7, " 

Substituting in Maclaurin's formula, 
Ax) =/(0) +f{0)x +/"(0)| + /"'(0)|..., 

we have 

(a4-ajy = a'4-7a«aj4-6.7a'^4-5.6.7a*^4-4.5.6.7a8^ 

[2 [3 [4 

4-3 . 4 . 6 . 6 . 7a2y^ + 2 . 3 . 4 . 6 . 6 . 7a^ 
4-2.3.4.5.6.7^ 

u 

= a^ 4- 7a«a? 4- 21 aW 4^ 35aV 4- 35aV 4- 21 aV 
-f 7 oaJ* H- 0?'. 
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Being finite, the series is the development of the function, 
as will evidently be the case so long as the exponent of the 
binomial is a positive integer. 

2. sm «, = «,-- + _--... 

Making a? = 0, /(O) = 0. 

The successive derivatives are . 

/' (aj) = cos X, whence /' (0) = 1. 
/"(«) = - sin X, " /" (0) = 0. 
/'"(») = - cos a;, « /'"(O) = - 1. 
/^(aj) = sina?, " /^(0) = 0. 

Since /^"(x) is the original function, these values will recur 
in sets of four, and we have 

/yS nji nS 

sina; = a; h. •••• 

[3 |5 11 

. cosa?=l — — -h, — H — . 

[2^14 [6^ 

Since the (n + l)th derivativeB of Bin a; and cos x are finite whatever the valne of n, 
the formula develops these functions (Art. 71, IV.), and the error may be made as small 
as we please by taking a sufficient number of terms. 

By means of these series we may compute the natural sine 
or cosine of any arc, but few terms being necessary as the 

series converge rapidly. Thus, if a? = :^ = .174533 be sub- 

18 

stituted for x in the series of Ex. 2, sina? = sin 10° = .17365+. 

4. a* = l-f loga.a;4-log^a-4-log'a-H . 

If 15 

Making a; = 0, /(O) = a<^ = 1. 
The successive derivatives are 

/(a:) = a»loga, f\x)=ia*\o^a, f"{x) = a'lo^aj etc.; 
whence 

/(O) = loga, /"(0)^log2a, /"(O) = log«a, etc.. 
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1 1: 



which, substituted in Maclaurin's formula, give the above 
series. Making a = e, whence log e = 1, it becomes 

and if a? = 1, 

e = l-fl-|-,^ + ,4-f,4- =2.718281+ 

[2 [3 [4 

the Naperian base. These are the exponentixd series. 

The (n + l)th derivatiTe of a* is (Ioga)**+la*, and hence 

•^ "" L!L±1 jn + l 
But tfi* is finite, and 

(a; log a) ^''^ a; log a a; log a a; log a 



in + 1 



n+1 



which approachee zero as n increases; therefore the formula develops a*. 

[2 [3 



_^ m(m-l)..-(m-n + l) ^_^ .... 




n 



To determine for what values of x the formula develops (1 + x)**. 
The (n + l)ih derivative, when Bx is written for x^ is 

TO(m- 1) - (iii-n)(l + tfa;)'""'*"^ 

which hecomes zero if m is a positive integer when n=m. Hence the series is finite, and 
is the development of (1 + x)*^ when m is a positive integer. If m is negative or frac- 
tional, the series *s infinite. The ratio of its nth term to the one immediately before it is 

m — n + 1 



n 



/TO+1 ,\ 



whose absolute value, as n increases, will eventually become and remain greater than 
unity if a; is numerically greater than 1. Hence (Art. 71, V.) the series is divergent, and 
cannot equal (1 + x)'^ when x is numerically greater than 1. The remainder after n + 1 
terms is 

UL±JL L |n + l J (1 + to)»-«»+l 

When X lies between and 1, the last factor becomes less than 1 as n increases. In- 
creasing n by 1 multiplies the first factor by "*""^ 7 x, or ( — "^ rs)*' '^Mch 

n + 5fi ^n + » n + 36' 

approaches — a? as n increases; that is, a quantity numerically less than 1. Hence to 
increase n indefinitely is to multiply by an infinite number of factors each -less than 1; 
the product therefore decreases indefinitely, and tho formula develops (1 + x)^ for values 
of X between and 1. By means of the second form of the remainder we have 
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ji=/....i(te) ^'p-»)'' =r '"^'"-^>,-<'"-"V +'1(i+te)"-'-ia-»)« 

[n L [n J 

- r «»(*»-l)- (g>-n) n+l"| / 1-g \*»+^ (1 + to)** 
~L [n Ju + tf«/ 1-0 

Wben a: lies between and -1, the last factor is finite; ^l-H^^*^"^ approaches zero 

as n increases; increasing n by 1 mnltiplies the first factor by "^~^~^ x, which ap- 

n + 1 

preaches — a; as n increases. Hence, as before, the formula develops (1 + a;)"* for values 
of X between and — 1. 

Since (a + x)^ may be written in either of the forms 

and as one of those can be developed, whatever the relative values of a and x, the 
Binomial formula holds good for fractional and negative exponents. When m is a 
positive integer, the series is finite, and the formula holds good for both the above forms. 

6. log(l+a:)=aj-| + |-^.... 

. Making x = 0, /(O) = log 1 = 0. 
The successive derivatives are 

whence /(0) = l,/'(0)= -l,/"(0) = 2,/-(0) = -2. 3, etc., 
and these in Maclaurin's formula give the above series. 

The ratio of the «th term to the preceding one is ^~^^"~^ g or —(1 — IW which, 

if X is numerically greater than 1, becomes and remains greater than unity as n increases ; 
hence (Art. 71, V.) the series is divergent if a; is numerically greater than 1. The (n + l)th 

derivative is (— 1)** _tz_, and, using the first form of R, 

(1 + a;)«+i 

•' ^ ^ |n + l n + 1 Vl + tfa;/ 

If X lies between and + 1, — - — is a proper fraction, and B approaches zero as n 

1 + 0x 
increases. 

If X lies between and — 1, the series becomes —x — - — ^ .... and the second form 

2 3 
of B gives, numerically, 



•' ^^ In Vl-to/ l-( 



[n ^ 1 - 9xf 1 — 9x 
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Tor Tiliufl Qt X bMve*ii ud 1, (^— — ) 1* * proper fmctlou, ud ■pproachn sank 
u M Ihi (»■■■■, wfall* tta« Iail CuloT 1j fliiL(«. Heacfl the £t>Tmuli deT«lop« log (1 + 2) 

7. i„g.(i + .) = m(«-|+|-^+|...), (1) 

if a =s e, we have, aa in Ex. 6, 

logd+xj.x-f + f-f+f.., (2) 

which are the logarithmic aeries. As they diverge, if a; > 1, 
iiey are not suitable for the computation of logarithms. To 
idapt them to this purpose, substitute — x for x in (1), and 
we have 

.o..(l-.,.™(-«-f-f_f-f...). (3) 

Subtracting (3) from (1), 



Let X = ; then x is less than 1 for all positive values 

2z + l' ^ 

jf a, and 



log.(' + l)-I»g.» 



log. (1 + «) - log. (1 - l) - ..„ J 



jr, if o = e, whence m = 1, 

1or(z4-1')-1okz = 2|— ^H i + \ . 

From this series, which converges rapidly, we may compute 
the Naperian logarithms of numbers. Thus, if z = 1, logl=0, 
ind we have 

irhen six terms are taken. 
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Making « = 2, 

log3=log2+2{l + ^+-L + ^+...}=1.0986m. 

log 4=2 log 2 = 1.386294+. 

Making a? = 4, 

log6=log4+2 { 1+3!^+^+^+... } = 1.6094379+. 

In like manner, the Naperian logarithms of all numbers may 
be computed. 

Cor. 1. The Naperian logarithm of the base of the common 
system is j^^ ^^ = log 5 -f- log 2 = 2.302585+. 

Cob. 2. From (4), b being the base of the system, and m' 
the corresponding modulus, 

log.l±l = 2w{^_L_ + __l__ + ...}. (5) 

Since (4) and (5) are true for all positive values of z, writ- 

ing X for _!__, we have 
z 

log^x ^m^ (6) 

logft X m^ 

or the logarithms of the same number in different systems are 
proportional to the moduli of the systems. 

Cor. 3. If in (6) 6 = e, then m' = 1, and 

loga x^m log X. (7) 

Having then computed, as above, a table of Naperian logar 
rithms, the logarithms in any system may be found by multiply- 
ing their Naperian logarithms by the modulus of the system. 

Cor. 4. Since log^ a = 1, if a? = a in (7), 

1 

m= , 

log a 



I 



I 






! li 



'I 
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or the moduius of any system is the reciprocal of the Naperian 
logarithm of its base; which is the relation between the mod- 
ulus of a system and its base referred to in Art. 28. 

Cob. 5. In the common system a = 10^ hence 

m = — ^ = = . 434294+, 

log 10 2.302585 

the modiUiAS of the common system. 

^jf^ ^jf^ ^y* 

8. tan-*a5 = a5 — -- + - — — •••. 

3 5 7 

Making a? = 0, /(O) = 0. 

The first derivative is -=1 — aj*"faJ* — a^"fa^ — «*?.•• 

1+a* 

by division ; hence the successive derivatives are 

/' (a?) = 1 - oj* -f X* - aj« + «8 - a;'" ..., 
/" (x) = - 2x + 4ar» -6ar* + 8aj' - 10aj»..., 
/'"(a;)=:-2 + 3.4a^-5.6»*4-7.8aj«-9.10a*..., 
/»^(aj) = 2.3.4a;-4.5.6«»4-6.7.8x^-8.9.10aj'..., 

p (a;) = 2.3.4-3.4.5.6»^4---, 
from which 

/' (0) = 1, /'"(O) = - 2, r (0) = 2.3.4, 
/"(0) = 0, /*'(0)=:0, etc., 

and these in Maclaurin's formula give the series above. 

Since a series whose terms are alternately plus and minus 
converges if each term is numerically less than the preceding, 

the series converges for a; =1, whence tan"*l= 45® = j, and we 

have 

^=4(1-^ + ^-1 + ^...), 

whence the value of ir. 

9. sin(aj "fy) = sina5co83/4-cosaJsiny. 

This being a function of the sum of two variables, we use 
Taylor's formula. 
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Making y = 0, f{x) = sinaj, whose successive derivatives are 

f^{x) = cos Xf /"(a?) = — sin a?, /'"(») = — cos x, f'^{x)= sin a?, 

and so on in sets of four. Hence, substituting in Taylor's 
formula, 

V* W® t/* 1M* 

sin(a?-f-y)=sinaj-f-cosaj«y— sina?^— cosaj-^+sinajj^-fcosajj^'*" 

If [2 Iz L5 

=sina.{l-| + |-...}-hcosx{y-| + |-...| 

=sina;cosy + cosa?siny (Exs. 2 and 3). 

10. cos (a; + y) = cos a; cosy — sin a: sin y. 

11. sin (a? — y) = sin a; cos y — cos x sin y. 

12. cos (a; — y ) = cos x cos y + sin a? sin y. 

13. Deduce the Binomial formula by Taylor's theorem from 
(aj+y)"*. 

Making y = 0, f{x) = aJ", whose successive derivatives are 

f\x)=s7nar-\ /''(aj)=:m(m — l)aJ*-2, etc., 

hence (a? + y)*" = a:" + mx'^'^y -H m (m — 1) aj^'^n^ + etc. 

If 

1A ..in. 1 . ^ .«* 3a^. 8a^ 3aj« 

14.e- = l + a. + ^- — + — --.... 

I- 2^[4 |6 i 

16. tana; = a? + — + ——•••. 

3 15 

17. secaj=:l+^ + ^.... 

2 24 

18. -^ = l + aj + aj* + ?^ + J.... 
cos x 3 2 

19. aj*e'=aj« + a^ + g4-^-. 

If 12 
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20. €'■«"« =l+iB»-f-~.... 

3 

22.1og.(.-Hy) = log..-Hm{^-jJ + J^-J^ + ...} 

23. a'-^'' = a'{l4-loga.y + log«a^-f-log8a2^... }• 

( L£ [^ ^ 

24. sm"*(a; + y) = sin~^ a; H ^ 1 ^^- 

(1 -!»*)* [2(l-ic2)! 

[3 (l-ic*)* 



25. (a»-6«aj«)*=:a-^- 



2a 2.4a3 2.4.6a* 

73. Failing cases of MadaurirCs and Taylor^ s formtdce. 

It has been seen that the above formulae often lead to diverg- 
ing series and therefore fail. The following exceptions are also 
to be noted. 

Since the proof that the formulae develop any function de- 
pends upon the condition that the derivatives of the functions 
are continuous, no one of them becoming infinite for a finite 
value of the variable, if log x be the function, whose first deriv- 
ative f\x) = - becomes oo, as do all the succeeding derivatives, 

when x = 0, the coefficients /'(O), /"(O), etc., of Maclaurin's 
formula become infinite, the series has no determinate value, 
and log X cannot be developed in powers of x. The same is 

true of x'y a*, cosec a?, cot x, etc. 

Again, from (aj-f-y-fa)*, we have, for y = 0, f(x) = (a + a)% 

whence /'(«) = > which is finite for all values of x 

2(x-^ay 

except x = — a. For this value of x, f\x) = oo, as are all the 



J 
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successive derivatives. Hence the coeflGicieiits /'(«), /"(«), 
etc., of Taylor's formula become infinite for x = ^a, and the 

function (a? -h y 4- ct)^ can be developed in powers of y for all 
values of x except x = — a, 

EvcUuation of Illvsoi'y Forma, 

74. The form j^ It frequently happens that for a particu- 
lar value of the variable a function assumes the form — Thus 

sin a? ^ 

= - when aj = 0. How is this result to be interpreted ? 

X 
Let a?, y, be the coordinates of P, x and y being functions of 

2, and let MN be the curve the coordinates of whose points are 

the simultaneous values of x and y q& z 

V fM 
changes. Then - = '[ • Since by hypoth- 
esis X and y become zero for some value of 
Zf the curve MN passes through the origin. 
Let a be the value of z which renders x and 
y zero. Then as z approaches a, x and y 

approach zero, and P approaches 0, so that 

y Fig. II. 

the value of - when 2; = a is the limit of 

X 

tan ^, ^ being the angle which the secant makes with X But 
the limit of tan^ as P approaches is tan^, OT being the 
tangent at ; hence 




or •'^ 



aJj « = a Cte J s a 



Therefore, to find the value of ,\ {, we find that of ,,) !y 

<l>((iy v\^) 

since these are equal. 

If ■ \ ! is also ^ then since/' (2) and <l>'{z) may be regarded 
as new lunctions of z whose ratio is - when 2 = a. 




!il 



I ! 
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/(g) _ f"(a) 
^'(a)-*"(a)' 

and so on indefinitely. Hence 

To evaluate a function which a^ssumes the form -r for a par' 

Ocular value of the variable, form the successive derivatives of its 
numerator and denominator and substitute in them the particular 
value of the variable, continuing the process tiU a pair is Jbund 

whose ratio does not become - • 

Examples. Find the value of: 
1. 5!Ef when x^O. 

X 



'^(x) _ co8ag" ] _ 



1 — cos X -t /v 

2. 1 when 05 = 0. 



f(x) _ sin xl __0. f*(x) _ cosa;n _1 
4»'(x) 2» Jo 0' <^"(aj) 2 Jo"2' 



3. :; — — 7 when aj = 0. Ans, 2. 

log (1 + x) 

4. 9l^Z^ when a; = 0. Ans. log^. 

X t 

x — 1 1 

5. when ojssL Ans. — 

aJ* — 1 n 

6. '^r^^'^J''^^ when x^S. Ans. i. 

The successive differentiations will be facilitated by evalu- 
ating a factor in any result when possible. Thus : 
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.-1 



7. ^^^^^51* whence = 0. 



<^'(») 3 sin* a; COS a; Vn^ cosajVT^^ 3 sin* a? ' 
the first factor of which becomes 1 when a? = 0. Proceeding 

with the second factor, ^ ,,yl = zzzz= -t^j the 

*'(«) 6cosajVl-a:*8i»« 

first factor becoming — \ when a? = 0. From Ex. 1 the value 
of the second factor when as = is 1. Hence 



X — sin~^ X 



sin* a? 



Jo 6 



1 8 

9. , '^r^^t^ ^ when a; = 1. ^n«. oo. 

iB*_6a!» + 8a!-3 

10. ; : — when « = -• Ana. a log a. 

log sin X 2 

11. '^^^'^ when a! = 0. ^»m. 1. 
factors separately. 



Write in the form * \—^ r and evaluate the 

X e* — 1 



12. *^'"-"^'' when a; = 0. Am. f 

ar 



13. ^^^.""^ when a? =» 0. ^n«. 2. 

05 — sin a? 

14. ^-^~'~^^ when a? = 0. Am. \, 

(e"-l)» * 
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7& Tliefonn — When /(a;) and ^(at) both increase indefi- 
nitely as X approaches o, then ZL_L = — . 

I. -^V ' - = — J — = n- Hence the form — can be reduced to 

*(«) JL =« 

the form -- and treated as already explained. Thus 



cos3ir~l 



Hence, by the process already established, 
f{x) _-Za,mZx 



*'(*) 






This transformation, however, will not always be successful 
unless the terms become infinite because of a denominator in 
each which becomes zero. Thus, in the above example, sec x 
becomes infinity, because it may be written whose denom- 
inator becomes zero. 



II. Sm»ffll = *iil 



= -, if we treat the latter by the 



process of Art. 74, we have, when xssa, 

»w~ /(») L*wJ/w' 
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whence iS-J- — ^ } ^ ; 

<t>{x) <l>'{x) 

and the form — can be treated directly in the same way as 

the form -• 


Since all the derivatives of a function which becomes oo for 

Si. finite value of the variable also become infinite (Art. 56), this 

process would appear to lead to no result except when the 

given value of the variable is infinite, ,A { . ,„\ ; , etc., be- 

coming in turn — This is true, but f. ^ may, by changing 

f(x) 
its form, be more easily evaluated than ,\ \ . Thus 



logic' 



QO 

oo' 



1 

X 

1 

•^A = -s-, which also becomes — for a; = 0, but it may 

readily be put under the form = — aj]o = 0. 

x 

In any case, therefore, when a function assumes the form — 

for a finite value of the variable, it is necessary to transform 
either the function (I.), or some one of the derived functions 
(II.) so that it will not assume this form for the given value 
of the variable. 

III. If the true value of j^-^^ when a: = a is zero or infinity, equation 

(1) is satisfied independently of equation (2), and it would therefore ap- 
pear that in such cases the latter is not necessarily true. That equation 

(2) holds, however, when the true value of •^if2 is zero or infinity may 
be shown as follows : 



THE DIFFBB&NTIAL CALCULUS. 



Firt. 


Let^lfl = when x = a. Then, U c be 


any finite quantity, 


^^ + c U finite, and to this funcUonthe process 


of IL appUes since it 
r Infinity. Hence 




i^-=*^^^ 




ralue. 


= when 4^=0> and 


the pnMess Uierefore gives the true 








Second 


.!..&}_ „,„.^ 


=•■ -^m 


= 0. Hence, by the 


precedine 
cue also. 




:4^, and the 


proceea holds in this 


Examples. Evaluate : 







tana) cosar _ sin a) cos ox 
tan 53! ~ ainSa: ~ sin 5x cos x 
cos 5a: 

When x=^ the first factor is 1, and the second factor be- 


tomes -• Evaluating the latter by Art, 74, we find 
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When x = l, the denominator becomes -> and differentiating 
once we find its value to be — 1. Hence 



sec 



nX —\ 



log (!-«)_ 



= 00, 



log a; 



a l^^&JT when a? = Qo. 

M log tan naj , r. 

4. — s when a; = 0. 

log tan X 



Ana. 0^ or 00; as n > or n < 0. 



Ans, 1. 



76. The form ox «. When, for a;=a,/(aj)=0 and <^(aj)=Qo, 
/(«) <^(») =/(«)-]— = 0* ^^ -^^^^ *^*^ "^ "1~ ''^^^^ ^ ^* 

Hence, by introducing the reciprocal of one of the fac- 
tors, the function may be reduced to one of the two forms 

•ry — 9 as is most convenient, and treated as before. 
00 

Examples. Evaluate : 



irX 



1. (1 — x) tan— when a? = 1. 

ifX 1 -"• X~ 

(1 — a?) tan -i^ = 

cot— - 





— • 





Hence, by Art. 74, 

l-x 



cot 



irX 



-1 



^cosec^^ 
2 2J 



n 2 

IT 
1 



2. e "(1 — logflj) when aj = 0. 
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Hence, by Art. 75, 



3. 6*8111- when a;s=oo. 

. a 

^ . a «^? 
e"Bm- = 







Ans. a. 



4. (a" — 1)05 when 05 = 00. 

77. The form 00 — 00. When, for « = o^ 
/(a?) = 00 and ^(aj) = oo, 



Ans. logo. 



and may be treated when thus transformed by Art. 74. 
Examples. Evaluate : 



1. 



X 



log X log X 
Here 



when 05 = 1. 



•^(^>=i^' "^(^>-i^- 



— ^ log X 



Hence ^(fWM=.^ ^ 



and, by Art. 74, 

l~a?" |^-l- 
log a J," 1 



" logajji'"^ 



05 



log* 05 



= -1. 



X Jl 
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2. — —=^— when a? = 1. 

05 — 1 log X 

Transforming, as above, we obtain 
X log X — 



a; log a; 



-x + l l ^0 
- log xji 



log 0? — a; "f 1"1 __ log x ~] __ * "I _ ^ 
logaj-logaji""i _j_^__l ""^+ljr2* 



TT ajlogo? — 

Hence — ^ 

35 iwK it/ — xuK i«/ n 1 

X 



3. sec oj — tan 05 when 05= -• 

2 



This may be transformed as above ; or, more directly, 

. 1 since 1 — sinaj"! 
sec X — tan x = = L= -• 

cos a? cos a; cos a? J^ 



Ans. 0. 



2 1 

4. — when 05 = 1. 

jb2_1 aj-1 



This may be transformed as above ; or, reducing to a common 
denominator, 

2 1 ^ 2g;-a^-l 1 2-2a; " I 

aj2_i a;-l ar^-o^^aj + lji 3aj»-23J-lJi 

6a? -2ji 2 

5. a;tana? — -secaj when a?=-. -4n«. — 1. 

2 2 

78. The forms at^, 1", 0^. The logarithm of a power may 
assume an illusory form under the following circumstances. 
Let 2J» be the function. Passing to logarithms, 

log 2"= y log 2, 

which becomes x oo when i ^ = and ^ = 0, .'. ^= 0« 

(y = 0and2 = Qo, .-. 2»=qo'', 

and which becomes oo x when y = oo and 2 = 1, .-. 2» = 1*. 
The logarithms of such functions may therefore be evaluated 
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as in Art. 76, and thus the values of the functions themselves 
are readily obtained. 

The functions 0" and oo* do not give rise to illusory forms, 
as may be seen by passing to logarithms, the logarithms in 
both cases being infinity. 

Examples. Evaluate : 
1. (- + 1) whena:=:x. 



■ M 



Putting v=(^l + lj, log« = a;logr? + l) -^ 1 



X 



a X 



7?a-\-x 



,-\-x ax ~\ a 



2. ( 1 "i" ^ ) = '^j when a; =qc . Ana, log v = 0, .*. v = e^= 1. 



w 



3. (sin x) *" • when a? = ^ • Ans. 1, 



4. flc* when a; = 0. 






1 


v — Qif. log V = 


a; log a; = 


log a; 
1 


X 

1 


Hence v = 1. 




X 


^ 


1 
5. ic^ ' when x—\. 


1 






1 logo;" 


X 


1" 


-. _1 . 



= - a:]o= 0. 



6. (sin xY^' when a? = 0. ^w«. 1. 

7. (cot a;)'*"* when a? = 0. 

(cot »)""«= (CQS^)'|°' 1 ^ 1 or (Ex. 6), 1. 
^ ' (sin a?) "° 'Jo 0^ ^ ^' 



APPLICATIONS OF SUCCESSIVE DIFFERENTIATION. 91 



8. (sin «)*"• when a; = 0: 

1 

9. (1 -I- axy when a? = 0. 
10. x^-^ when x = 0. 



Ans. 1. 

Ana, e*. 
Ana. 1. 




Maxima and Minima Valuea of a Function of a Single Variable, 

79. The value of a function ia aaid to he a mn-Tiirnim when it 
ia greater than ita immediately preceding and aucceeding valuea, 
and a TniniTmiin when it ia leaa than ita immediately preceding 
and aucceeding valuea. 

By greater and less values are meant 
algebraic values. Thus, if MN be the 
locus of yz=:f(x), and mn is greater 
than the immediately preceding and 
succeeding ordinates, mn is a maxi- 
mum value of y. Similarly p^ is a 
minimum value of y. It is evident 

that for increasing values of x, y diminishes after passing 
through a maximum value, and cannot therefore have a second 
maximum value without first passing through a minimum ; 
or maxima and minima values occur alternately. From the 
definition it is also evident that a maximum value is not 
the greatest possible value, nor a minimum the least possible 
value, of a function. 

80. Condition of a maximum or minimum value. 

For increasing values of a?, /(a?) is increasing before, and de- 
creasing after, a maximum value. Hence (Art. 22), f\x) is 
positive before, and negative after, a maximum value of f{x) ; 
or the first derivative of the function changes sign from plus 
to minus as the function passes through a maximum value. 

Similarly, a function decreases as it approaches a minimum 
value and increases after such value ; or the first derivative 
changes sign from minus to plus as the function passes through 
a minimum value. 
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Since in either case the first derivative changes sign, it must 
pass through zero or infinity. Hence, every value of x which 
renders f{x) a maximum or a minimum %8 a root off\x) = 0, 
oroff{x) =00. 

It is to be observed that the essential characteristic of a 
maximum or minimum value of the function is a change of sign 
of its first derivcUive. Now a quantity may become zero or 
infinity without changing sign; hence the roots of /'(a;) =0 
and/' (a;) =ao are called critical values, and must be sepa- 
rately examined; only those for which /'(a?) changes sign can 
correspond to maxima or minima values of the function. 



Rg. 13. 




81. Geometric illiutrations. Since y = f(x) is the equation 
of some locus, and/'(a;) is the slope of the locus at any point, 
the foregoing remarks admit of the following illustration : 

In Fig. 13, Pm being a maximum 
value of y, for increasing values of x 
the angle made by the tangent with 
X is acute before, and becomes obtuse 
after, the maximum value ; hence the 
tangent of this angle, which is /'(«), 
is positive before and negative after 
this value. At P the tangent is par- 
allel to X, and its slope is therefore x 
zero. 

In Fig. 14, Pm being a minimum 
value of y, the angle made by the tan- 
gent with X is obtuse before and acute 
after the minimum value of y, the 
slope changing from minus to plus, 
and passing through zero as before. 

In Fig. 15, although the tangent at 
P is parallel to X and therefore f\x) 
is then zero, the angle is obtuse both 
before and after the value x = Om and 
does not change sign; hence Pm is 




— z 



Fig. 14. 
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neither a maxinium nor a minimum value 
of y. 

The change of sign of f\x) from -h to 
— , and from — to +, in passing through 
infinity is shown in Fig. 16, the tangent at 
P being perpendicular to X and its s\ope 
infinity. 

82. Examination of the critical values when f{x) a o. 

Since f\x) changes sign from -h to — as f{x) passes through 
a maximum value, it is a decreasing function, and its first deriv- 
ative /"(a?) must be negative (Art. 22). 

Also, since /'(«) changes sign from — to + as f{x) passes 
through a minimum value, it is an increasing function, and its 
first derivative /"(a?) must be positive. 

Hence, to examine f(x) for maxima or minima vaiuea^ observe 
whether f'\x) is negative or positive for critical vdliies of x, that 
is, for values derived from the equation /'(a?) = 0. 

As the second derivative may become zero for a critical 
value of X, the above test may fail. To provide for such case 
we have the following more general rule. 

83. Let y =f{x), and yi =/(aJi) in which Xy is the value of 
X which renders j/ = j/^ = a maximum or a minimum. 

Let y' =f(Xi''h) and 2/"=/(^ + ^) ^® ^^® values immedi- 
ately preceding and succeeding the maximum or minimum 
value yi}Xi — h and Xi + h being the corresponding values of x. 
Developing y^ and y" by Taylor's formula, we have 

-/"'(aa)|'+r(«.)|- 
y" =/(». + h) ^fix,) + f'(x,)h + fix,) ^ 
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But /(X]) = 3^1^ and since Xi corresponds to a maximum or a 
minimum^ /'(^i) = ^- Hence, transposing, 

y' - yi =/"(«i)^ -/"'(«.) ^ +r (aa) ^ -, (1) 

[2 1? |4 

»" - Vi =/"(».)| +/'"(*.) I' +/'^(«i) ^ •••• (2) 

Now the signs of the second members of (1) and (2) will be 
those of their first terms, that is of /"(ajj), if ^ be taken suffi- 
ciently small ; and since h approaches zero as the function 
approaches its maximum or minimum, we are at liberty to 
make h as small as we please. Hence if /"(ajj) is positive, the 
first members are positive, and both y' and y" greater than ^i, 
which is therefore a minimum ; while if /"(oti) is negative, the 
first members are negative, both y' and y" are less than y^ and 
yi is a maximum. This accords with what has already been 
said. 

lif"(Xi) is zero, then 



y"-yi= f"'(^)^+f''i<^)^ 

[3 |4 



• • • 



) 



• • • 



f 



in which, whatever the sign of /'"(a?i), the first members will 
have opposite signs, and y' and y" cannot both be greater than 
yi, nor both less. Hence neither a maximum nor a minimum 
can exist unless f"'{Xi) = 0. If this condition be fulfilled, there 
will be a maximum or a minimum according as /^'(aJi) is nega- 
tive or positive. We have therefore the following rule : 

To determine whether a function has maxima or minima val- 
ues, form its first derivative and place it equal to zero. The roots 
of this equation contain the values of the vanable which correspond 
to either maxima or minima values of the function. Find the first 
derivative which does not become zero for one of these critical val- 
ues of the variable. If this derivative is of an odd order, there is 



J 
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neither a maximum nor a minimum; if of an even order y the 
function is a maximum or a minimum accordinjg as the derivative 
is negative or positive. 

m 

Each critical value must of course be examined in turn. 

Illustration. Examine {c* — 5aJ* + 5aj'-t-l for maxima and 
minima values. 

/(aj)=5ic*-20a^ + 15a^ = 5a^(ar^-4a? + 3) = 0. 

The roots of this equation are a? = 0, a? = 1, a? = 3. 

/"(a;)=20a^-60«* + 30aj=10a;(2ar^-6aj-|-3). 

Substituting a? =3, /"(a) = + 90 ; hence a? = 3 renders the 
function a minimum, and substituting this value of x in the 
function we find /(«) = — 26, the minimum. 

Substituting a? = 1, f"{x) = — 10 ; hence x = l renders the 
function a maximum, which we find to be 2. 

As fXx) = for a? = 0, we form /'"(«) = 60 a^ - 120 a? -h 30, 
which does not vanish for a? = and is of an odd order. Hence 
a; = corresponds to neither a maximum nor a minimum. 

84. Abbreviated processes. 

I. Since the essential characteristic of a maximum or mini- 
mum value of a function is a change in the sign of its first de- 
rivative, it will be sufficient, when possible, to observe whether 
for a critical value of the variable such change actually takes 
place. Thus, from (x — ay -h b, f{x) = 4 (a; — ay = 0, the 
critical value being x= a. Now in passing through x== a, 
f\x) changes sign from — to -|- ; hence x==a renders the 
function a minimum, namely 6. Again, from (a? — a)^ -f 6, 
f(x) = 3 (a; — a)* = 0, which cannot change sign for any value 
of a?; hence the function has no maxima nor minima values. 

II. Since if ^ is a constant factor, Af(x) increases and 
decreases with f(x), a constant factor may be omitted in the 
search for maxima or minima values. 
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III. Since ±-4 -}-/(«) increases and decreases with/(a:), we 
may substitute /(a?) for ±^4-/(05) in searching for maxima or 
minima values. If A—f{x) is the given function, we may 
substitute /(«), provided we reverse the conclusions, as 
A — /(«) increases when f(x) decreases, and decreases when 
f(x) increases. 

IV. Since — —- decreases as f(x) increases, and conversely, 

the reciprocal of the function may be substituted for the func- 
tion, provided the conclusions are reversed. 

V. Since log [/(a?)] increases and decreases with f(x), the 
number may be substituted for the logarithm of the number 
in the search for maxima and minima values. 

VI. If f{x) is positive, [/(a?)]* is also positive, and there- 
fore increases and decreases with /(x) ; or any power of a posi- 
tive function may be substituted for the function. If f(x) is 
negative, [/(«)]* will have the same sign as f{x) if n is odd, 
but the opposite sign if n is even ; or any power of a negative 
function may be substituted for the function, provided the 
conclusions are reversed if n is even. 

We are thus enabled to omit the radical sign in the search 
for maxima and minima values of any positive radical ; also 
when the radical is negative, if we reverse the conclusions. 

Examples. Examine the following functions for maxima 
and minima values. 

1. iB»-9a^ + 15aj-3. 

Omitting the constant term (III., Art. 84), 

/(«) = ar» - 9 cc* -h 15 a. 

/'(a?) ss 3aj* — ISoj -h 15 = 0, whence the critical values 

a; = 5, x = l. 

f\x) = 6a? - 18, which is 12 for x = 5 and - 12 for a? = 1. 
Hence x—6 renders the function a minimum, and a? = 1 ran- 
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ders it a maximum. Substituting x = 5 and a? = 1 in the func- 
tion, its minimum and maximum are found to be — 28 and 4, 
respectively. 

2. 6-|-c(a; — a)* 

/(a?) = (» - a) * (Art. 84, II. and III.). 

f'{x) = ^ (a? — a)^ s= 0, whence x=ia] and as f'{x) changes 
sign from — to -|- for increasing values of a; as a; passes 
through a, 6 is a minimum value of the function. 

3. aj»-5aj*-|-5a^-6. 

4. Examine the circle y* -h a^ =iP for maxima and minima 
ordinates. 

The function to be examined is y = ± Vi? — aj^. Omitting 
the radical (Art. 84,VI.),/(aj) =E^- a^, whence /'(»)= - 2aj=0, 
or « = ; and as f'(x) changes sign from -|- to — as a; passes 
through 0, a? = corresponds to a maximum. If we take the 
negative value of the function, then, in omitting the radical, we 
raise the function to an even power and must reverse the con- 
clusion ; hence when y is negative, a; = corresponds to a mini- 
mum. 

5. (a? - 1)* (aj + 2)«. 

/'(«)= 4(a; - 1)» (aj -h 2)» + 3(a? - 1)* (a; -h 2)« 

= (a? — 1)^ (» -h 2)* (7 a? -h 5) ; whence the critical val- 
ues a? = 1, a? = — 2, X = — f . 

Since /'(a?) is — if aj is a little less than 1, and -|- if a; is a 
little greater than 1, it changes sign from — to -f- as a; passes 
through 1 ; hence a; = 1 corresponds to a minimum. 

f'{x) =3(aj-l)« (aj+2)* (7a;-|-5) -h2(aj-l)» (a? + 2) (7aj -f- 5) 

^7(x-iy(x-^2y 

= (a;-l)2(a; + 2)^3(aj-|-2)(7aj-h5)-|-2(a;-.l)(7a;+5) 

-\-7(x^l)(x+2)\ 
= 6(aj - 1)» (aj -f. 2) (7a^-f lOa? -h 1). 
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When a: = ~ ^, the first two factors are positive, and the sign 
will depemi upon that of the third factor, which is — f or z= — f j 
hence x = — f corresponds to a masimum. 

Since/"{x)=Ofora:= -2,f"{x) =6(a;-l)» (Ta^'+lOir+l) + 
other terms which contain (a; +2), and which therefore vanish 
when ic = — 2, while the term 6(a;-l)'{7a!* + 10a! + l) does 
not. Hence f"{x) does not become zero for i = — 2, and this 
value of X corresponds to neither a minimum nor a maximum. 

6. ar* — 3a:* + 6a! + 7. The critical values are imaginary. 

7, Sin' X cos x. 

/'(a!)=3 8in'a: cos'ai — sin*a: = 3sin'a;(l — sin* «) — sin* a; 

= 3 sin' a; — 4 sin* a; = ; whence 

sin'a;(3 — 4sin'a;)=0, and the critical values are 8ina! = 0, 
sin »;=—-, or a; = 0'', a; = 60°. Since f'{x) evidently changes 

V3 
sign from + to — as sin a; passes through the value — -, a; = 60° 

corresponds to a maximum. If a; is a little greater or less than 
0°, 4sin'x<3 and /'(a;) is +; hence a! = 0° corresponds to 
neither a maximum nor a minimum. 



8. a + V4a^-2a^. 

Omitting the constant term, radical sign, and factor 2 (Art 
84, III., VI., II.), we have 22^- 3?; whence /'(a:) = 4a:- 3a^= 0, 
ora = 0,x=J. 

fix) =4 — 6a;, which is + for a: = and — for a; = |. Hence 
the function is a minimum when a; = and a maximum when 

9. Divide a into two factors, the sum of which shall be a 

minimum. 

Let X = one factor : then - = the other, and the function is 

X 

h-; or /'(a!) = l —^ = 0, whence iC=Va, and the factors 
! equaL 



APPLICATIONS OF SUCCESSIVE DIFFERENTIATION. 99 

10. The difference between two members is a. Prove that 
the greater = twice the less when the square of the greater 
divided by the less is a minimum. 

11. Find a number x such that its a^th root shall be a maxi- 
mum. Ans, a? = e. 

12. To determine the number of equal parts into which a 
must be divided in order that their continued product may be 
a maximum. 

Let X = number of parts ; then - = one part, and -.-.-... 

©. ^ ' X ^ ' XXX 

is to be a maximum. 

log f Ij = aj(log a - log a:) =/(«). 
/'(aj) = loga — logo; — 1 = 0, or log- = l, whence - = c, or 

X X 

a 

05 = -. 

e 
Arithmetically the problem would not bef possible unless a 

was a multiple of e, otherwise x would not be an integer. The 

general solution belongs to the statement : to find a number x 

(I 

such that the xth power of - shall be a maximum. 

X 

1-^ 



X .. , . COS* 05 



l-t-a5tana5 (1 -f 05 tan a?)* 

A maximum when x = cos x, 

. . sin a? ^, , ^ 1 — tan* x 



1 + tan X (1 -I- tan a?)* 

cos X 

A maximum when x = 45°. 

85. ExaTnination of the critical values when f'{x) = oc. 

Since, when f\x) =qo for a particular value of x, /"(«), 
/'"(o:), etc., also become infinity (Art. 56), the function cannot 
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be developed by Taylor's formula, and the results of Art. 83 are 
inapplicable. In such cases we may examine the first deriva- 
tive directly to see if it changes sign as the variable passes 
through its critical value. 

Examples. 1. b+ (x — a)* 

/'(aj) = |(aj — tt) ^= =00, whence a; — a = 0, or 

xs=a. It is readily seen that f'(x) changes sign from — to 
+, and that x = a therefore corresponds to a minimum. 

^ ^"^^ - (a; - 3)» 

/'(x) = gives a? = — 2 and a? = 13. /'(a;)=oo gives a5 = 3. 

a: — 13 is negative if a? is a little less or greater than 13, 
while (a: — 3)* is negative if a? < 3 and positive if a? > 3. 
Hence /'(a?) changes sign from -f- to — at a? = 3, which gives 
a maximum. 

a? = — 2 and a? = 13 may be examined in like manner ; the 
latter gives a minimum, and the former neither a maximum 
nor a minimum. 

f'{x) = gives « = 1 and a? = 5, the former corresponding to 
a minimum, and the latter to a maximum. /'(«)= qo gives 
a? = — 1, which corresponds to neither. 

86. Oeometrical Problems. 

In the following problems F= volume, A = area, S = sur- 
face, and the substituted function obtained after omitting 
constant factors, radical sign, etc. (Art. 84), is designated by 
an accent. 

1. Determine the rectangle of greatest area which can be 
inscribed in a given circle. 
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Let J? = radius. If we take x, y^ to represent the half -sides 
of the rectangle, then the equation of the cir- 
cle gives the relation a^ + ^ = JS*, by means 
of which we can eliminate y from the expres- 
sion for the area A = A:xy, obtaining 




4ajViP — aj2, or 4V^?^-a*, 

thus reducing the function to be examined to one of a single 
variable. Omitting the factor 4 and the radical, we have the 
substituted function A^ = 22V — a?*, whence 

/(jc) = 2JS*a;-4a:» = 0, or x = and a? = — . 

V2 

/"(») = 2 2P- 12 a^, which becomes -4iP for a? = — ; 
^ ^ V2 

R R 

hence corresponds to a maximum. Substituting x = 

in y^-^a^ = IP, we find y = — ; hence x = y, the rectangle is 

V2 
a square, and its area ul = 4 a;y = 2 12^. 

Before proceeding to the remaining examples the student 
will observe : 1°. As the point P moves from A to B, the area 
of the rectangle increases from 0, passes through its maximum, 
and decreases again to 0. Whenever, then, the conditions of 
the problem are such that the existence of a maximum value 
is clearly seen, it will be unnecessary to test the critical value. 
2°. The solution consists in first finding an expression for the 
quantity to be examined, as 4:Xy in the above case. If this is 
a function of two variables, the next step is to eliminate one 
by means of some relation between them furnished by the 
conditions of the problem, as in the above case y^ -^0^ = IP, 
3°. This elimination may be effected before or after differen- 
tiation. In. the above case y was eliminated before finding the 
derivative ; but we might have proceeded as follows : 

^ = 4a;y; A' = xy; f'(x) = x-^ -\-y = 0. 
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From aj« + 3^ = iP, 5^ = -?, hence /'(«) = - aj- + y = 0, or 

dx y y 

ic* = ^, as before. Eliminating now y by substituting y^ = ^ 
in ic* + ^ = J?*, we have x — — -- It is frequently preferable 
thus to eliminate after differentiating. 

2. Determine the rectangle of greatest area which can be 
inscribed in a given ellipse. 

With the notation of Ex. 1, ul = 4i»y, the auxiliary relation 
being ay + 6V = a*6*, the equation of the ellipse. Hence 

^ = 4-ajVa«-ic^, ^' = aV-a;*, /'(aj) = 2a2aj-4a^ = 0, and 

Cv 

05 = , or 2aj = aV2, which, substituted in the equation of 

V2 

the ellipse, gives 2y = 6V2, the sides of the rectangle. 

3. Determine the rectangle of greatest area which can be 
inscribed in a given segment of a parabola. 

Let OA = a, and y = the half-side AB. Then 
A = 2y{a — a?), or, since ^ = 2px^ ^ 

A = 2 V2paj(a — a?) = 2 V2p Vaj(a — «)*, o 

whence ^'•" '•• 

^' = a*a?-2aiB2-|-a^, /'(a;) = a*-4aa; + 3aj* = 0, 

from which we find « = -• Therefore a — a? = Ja = one side, 

o 

and 2y = 2V2paj = 2^--^ = the other side, and 

^ = 2s,(a-.) = |^. 

4. Find the cylinder of greatest volume which can be in- 
scribed in a given sphere. 

With the notation of Ex. 1, 

V^2 irfx = 2 7raj(^ - Q?), 
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whence 



R 2 H 

X = , or 205 = = altitude. 

V3 V3 



5. Find the cylinder of greatest convex surface which can 
be inscribed in a given sphere. 
With the notation of Ex. 1, 



whence 



JO _ 

X = , and 2 a; = jBV2 = altitude. 

V2 



6. Find the cylinder of greatest volume which can be in- 
scribed in a given ellipsoid. 

With the notation of Ex. 1, using the equation of the ellipse, 

V =27r2/*« = 27r^a;(a2-ar^), 

a 

r' = a'x -- a^, /'(«) = a2-3ar^ = 0, 
whence x = — i, and 2 a? = = altitude. 

V3 Vs 

7. Find the cone of greatest volume which can be inscribed 
in a given sphere. 

With the notation of the figure, F= rl/^^i ^ 

but 2^ = 2 JKa? - or^, hence F= ^(2 i^o^ _ ^^^^ j 

F' = 2JKiB2-ar^, /'(a;) = 4JKaj-.3ar^ = 0, or 
x = ^B = altitude. 




Fig. 10. 



8. Find the cone of maximum convex surface which can be 
inscribed in a given sphere. 

S ==7ryV^TF='rV2i2a?-a^V2^'=7rV4iPa^-2JBa^, 

S'=2Ba^-a^, /(a?) = 4i2aj-3a^ = 0, 

and a; = |- i2 = altitude. 
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9. rind the cone of greatest volume which can be inscribed 
in a given paraboloid, the vertex of the cone being on the axis 
in the base of the paraboloid. 

F= If (a - x). Altitude = |. (Fig. 18.) 

10. Find the cylinder of greatest volume which can be in- 
scribed in a given right cone. 

Let 6 = radius of base, and a = altitude of the 
cone, and a?, y, those of the cylinder. Then 
V=Tr7?y. From similar triangles, h : a : \ x \ {a—y), 

ory = ^(6 — a). 

Hence F= "^Qi^ip - x), V'=^ba^- o^, "^fe- 20. 

b 

f{x) = 2 6a; — 3ic* = 0, whence a? = |6, 

and y = -(& — aj) = ^ = altitude. 

h 3 

11. Find the cylinder of greatest convex surface which can 
be inscribed in a given right cone. 

An8, Altitude = ^ altitude of cone. 

12. Of all right cones of given convex surface determine 
that one whose volume is greatest. 

If a? = altitude, y = radius of base, F=-2^a;. By condi- 

tion, iry^T^ + f = m, a constant. Differentiating first, from 

F'= fx we have f{x) = 2yx-^-\-f=^0. From Try Var^4-y^=wi, 

ax 

^ = - -r^r-o' Hence /' (x) = - ^^^ , + 2^ = 0, whence 
dx a*-|-2y2 -^ ^ ^ a^-^2f ^ ' 

X = y V2, or the altitude = V2 x radius of base. 

13. Of all cones whose slant heights are equal find that 
which has the greatest volume. 

Ans. The tangent of the semi-vertical angle = V2. 
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14. From a given quantity of material a cylindrical vessel 
with circular base and open top is to* be made so as to have a 
maximum content. Find the relation between the radius and 
altitude. 

Let a; = altitude, y = radius. Then V^iry^x^ 7"' = y*a^ 

/' («) = 2 ya?-^ + y* = 0. By condition 2 iryx + tt^ = m, a con- 
eta; 

stant ; whence ;^ = ^ , and therefore 

15. A square is cut from each comer of a rectangular piece 
of pasteboard whose sides are a and h. Find the side of the 
squai*e that the remainder may form a box of maximum content. 

Ans. The side = a + 6-Va'-a6 + y^ 

6 

16. Prove that in an ellipse referred to its centre and axes, 
the product of the co-ordinates of a point on the curve is a 
maximum when the co-ordinates are in the ratio of the axes. 

17. A vertical flagstaff consists of two pieces, the upper 
being a and the lower h feet long. Find the distance from the 
foot of the staff at which the visual angle subtended by the 
upper segment is a maximum. 

With the notation of the figure, 

tan tf = ^^^-^-^, tana = -, 

X X 

A. A t. /a \ tanfl — tana 
tan ^ = tan(^ — a) = 



1 + tan 6 tan a 
a+6 h 




X X 

ar 



; whence a? = V6(a + 6). 
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18. Find the least isosceles triangle which can be circum- 
scribed about a given ellipse having the base parallel to the 
transverse axis. Ans. Altitude = 36, base = 2aV3. 

19. Eind the parabola of maximum area which can be cut 
from a given right cone, knowing the area of a parabola to be 
f J!fQ.QP(Fig. 22). 

Let .43=26, AC=a, QB = x, 

Then MQ=VAQ^~QB= V(26-a;)a;, 
andAB:^a::QJ5:QP,QP=^i^^=g. 

2ax 




Hence A=iMQ.QP=^^V(2h--xjx, 

A'==2ba^'-a^y /'(aj) = 6 6a:*- 4a^ = 0; 

whence x = QB = f 6. Hence QP = — 

26 

= f a, or tbe area of the parabola whose axis is f the slant 

height of the cone is a maximum. 

20. Assuming that the work of driving a steamer through 
the water varies as the cube of her speed, find her most 
economical rate per hour against a current running c miles 
per hour. 

V = speed of steamer in miles per hour. 
ai^ = work per hour, a being constant, 
v — c = actual distance advanced per hour. 



Let 
Then 
and 

Hence 



v — c 



= work per mile of actual advance. 



Ans. v = ^c 



21. The sides of a triangle are a, x, y, subject to the con 
dition X + y = m, a constant. Prove that the triangle of 

maximum area is isosceles, and that x = y = -^. The area of 

a triangle in terms of its sides =A = •\/»(» — a) (s — x) {s — y) 
in which s = ^ sum of the sides. By condition, 28 = x + y + a 

= m + a, whence s = — i— • Hence 
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J.'=maj— V, /'(a;) = m — 2aj = 0, anda? = ^» 
From aj + y=wi, y=— • 

22. Find the point P of least illumination on the line 
joining two lights A and B, the intensity at a unit's distance 
of A being 6, and that of B being c, knowing that the intensity 
varies inversely as the square of the distance. 

If the distance between A and B is a, and AP=Xy the 

b c oJd^ 
illumination at P = -- + ; whence x = — • 

23. Required the height of a light directly above the centre 
of a circle whose radius is R when the perimeter is most illu- 
minated, knowing that the illumination varies directly as the 
sine of the angle of incidence, and inversely as the square of 
the distance. 

Let X = height. 

X R 

Then the illumination = , .'.05 = 



24. The base of a prism is a given regular polygon whose 
area is A and perimeter P. The prism is surmounted by a 
regular pyramid whose base coincides with the head of the 
prism. Find the inclination of the faces of the pyramid to 
the axis, in order that the whole solid may have a given volume 
C with the least possible surface. 

Let X = height of prism. Then its volume is Ax and sur- 
face Px, 

Let a = perpendicular from centre of polygon on one side. 

Then 4£l^^ is the volume of the pyramid, and ^^^^^^^^ 
its surface. By condition 
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The surface which is to be a mimmum is Pfx-] \ 

or, substituting the value of x, -^ — i a cot 0-{-^a cosec 0. 

Hence fiO) = - cosec^ tf - - cot ^cosec tf =0, .-. 2 cosec ^=3cot 0, 
or cosfl = |, and fl = cos~^|. 

25. Prove that the minimum tangent which can be drawn 
to an ellipse is divided at the point of tangency into segments 
which are equal to the semi-axes. 

If (a?, y) is the point of tangency, — , — are the intercepts of 

X y 

the tangent, and the length of the tangent 



\ a^ v^ \o^ a^ — 05^ 



y 

Hence the function to be examined is — + 



a^ a^ — a^ 



From /'(») = we find x = (i^— — , and from the equa- 
tion of the ellipse, y= b^ If P is the point of tan- 

\a -\-b 

gency, and T the point where the tangent meets X, 



\ \x J ^a + & \(a + b)V ^ « + ^ 
and in like manner the other segment may be shown to be a. 

26. In the straight line bisecting the angle -4 of a triangle 
ABCf a point P is taken. Prove that the difference of the 
angles APBj A PC is a maximum when AP 
is a mean proportional between AB and 
AC, 

Let AC=a, AB=b, PAB = m, AP= x. 

Draw PE and PF perpendicular to the 
sides. Then the function is ^ ^*2' 23. 
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APC - APB = EPC - FPB = tan"^^ - tan-^^ 

EP FP 

. _ia — ajcosm . 16 — a? cos m 
= tan ^ : tan ^ : ; 



X sm m 



a?sinm 



a 



whence 

fUx) = 

ic^H-a* — 2aa?cosm 0^ + 6* — 26aj cos m 

from which we find x = Va6. 



=0, 



27. A paraboloid of revolution whose axis is vertical con- 
tains a quantity of water into which is sunk a given sphere, 
the quantity of water being just suf&cient to cover the sphere. 
Find the form of the paraboloid such that the quantity of 
water may be a minimum, knowing the 
volume of the paraboloid to be one-half 
that of the circumscribing cylinder. 

Let E = radius of sphere, z = OH, 
the height of the water when the sphere 
is sunk, and 



f=:lx 



(1) 



be the equation of the parabola, in which 
I is the unknown parameter. The equa- Y- 
tion of the circle is 

f+{x^ocy==ip, 

or, since OC =z — E, 

Combining (1) and (2), we have 
lx + (x--z+Ey=:E^, 




(2) 



whence x 



2 



But the circle is tangent to the parabola, and there can be 
but one value for x, and hence 



110 THE DIFFERENTIAL CALCULUS. 

....= iBl2^. (3) 

The vol. of water = vol. of paraboloid — vol. of sphere 

since (1) gives HS^ = Iz, Substituting the value of z from (3), 
the function becomes 

whence /'(Z) = gives l = ^R, which determines the form of 
the paraboloid. 



CHAPTER IV. 

FUNCTIONS OF TV70 OR MORE VARIABLES. 

87. A partial differential of a function of two or more varU 
ablea is its differential on the hypothesis that only one of the 
variables chfmges. Thus, if w = sin x log y + zt?, and x only is 
supposed to change, y and z being regarded constant, the par- 
tial differential of u with respect to x is cos x \ogydx + 2zscdx] 
and the partial differentials of u with respect to y and z are 

dy and a^dz, respectively. 



I. ITotation. To distinguish the partial differentials, the 
variable with respect to which the function is differentiated is 
written as a subscript, thus : 

d^u = (cos X log y + 2 zx) dx, d^u = dy, d,u = aj*cte, 

which are read ' the ^-differential of u^ etc. 

d u 

-^ is evidently the rate of the function so far as its rate 

depends upon the rate of x, 

89. A partial derivative, or partial differential coefficient, is 

the ratio of a partial differential to the differential of the variable 
which is supposed to vary. Thus, in the above case, the partial 
derivatives of u with respect to x, y, and z, respectively, are 

du . ^ du sino; du , 

dx ^ ^ ^ ^ dy y dz ' 

the subscripts being omitted as the denominators indicate the 
variable with respect to which the differentiation is performed. 

Ill 
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A paxtial derivative is the ratio of the rate of the function to 
that of the variable supposed to vary so far as the rate of the 
former depends upon that of the latter, and the function is an 
increasing or a decreasing function of any one of its variables 
according as the corresponding partial derivative is positive or 
negative (Art. 22). 

Since the first derivative is the factor by which the differen- 
tial of the variable is multiplied to obtain the differential of 
the function, the partial differentials are also represented by 

the notation 

dtt , du ^ du , 

d^^ Ty^y' d^^' "**'•' 
which are equivalent to d,u, d^u, d^u, etc. % 

Examples. Eind the partial differentials of : 

2.u=. sin-^5. ^dx = ^^ . ^dy= ^^. 

y dx -\Jf^r^ dy Vy/f^a? 

a w = jr. —dx = zrT log ydx, ^dy = xzjT'^dy, 

—dz = xf log ydz. 
dz 

Find the partial derivatives of : 

4. tt = sin(iBy). — = ycos(ajy), — = a:cos(icy). 

dx dy 

du 

5. w=:y'*"". — = y"*°* logy cos aj, 

dx 

du . -i„_ 1 sin 05 

dy 2^overi« 

6. « = log(ar + y). ^ = ^= 1 



dx dy x + y 
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90. The total differential of a function is its differential ob- 
tained on the hypothesis that all its variables change. 

Since the total differential of u =f{x, y, z, etc.) can contain 
only the first powers of dx, dy, dz, etc., it will be of the form 
du=fi{x, y, z, etc.)daj+/2(a;, y, z, etc. )dy 4-/3 (a^? V) z, etc,) dz + etc., 
in which /i (05, y, «, etc.),/2(aj, y, z, etc.), etc., represent the col- 
lected coef&cients of dx, dy, etc. But if all the variables except 
X be regarded constant, dy^dz = etc. = 0, and all the terms 
vanish except the first, which is the partial differential with 
respect to x ; and if all the variables except y be regarded con- 
stant, all the terms vanish except the second, which is the par- 
tial differential with respect to y ; and so on. Thus all the 
terms of the second member will be obtained by differentiating 
u in succession as if all the variables but one were constant. 
Hence the total differential of a function is the sum of its partial 
differentiaZs, 

IiiLusTBATiON. Let u = Sao^y + 7?€^, 

du = djub -t- d^u + djui 

= (6aa^+ z'^^dx -f 3aa^dy -|- Z^^edz, (1) 

Equation (1) is evidently true whether the variables be 
dependent or independent. If, however, the variables are 
dependent, the total differential may be expressed in terms of 
any one of them. Thus if 

y = 6a5, z=. sin a?, whence dy = bdx^ dz = cos xdxy 

(1) becomes 

du = (9 a6a^ + e* sin^ a? — 3 e* sin* x cos x) dx\ (2) 

or the same result might be obtained by substituting the values 
of y and z in the original function, giving 

tt = 3a6aj* + e'sin^'a;, 

whence, differentiating, we have (2), as before. 

K Equation (1) be divided by dt, we have the rate of the 
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function in terms of the rates of its variables ; and if the vari- 
ables are dependent, the rate of the function may be expressed 
in terms of that of any one of its variables assumed as the 
independent variable. Thus, dividing (2) by ctt, we have the 
rate of u in terms of the rate of x. 

Examples. Find the total differentials of : 

1. tt = cra^y + fty^aJ. du = {Sdx^y + by^)dx -f (aa^ -{-3hy^x)dy. 

y ^ + r 

3. tt = loga^. du = - ^logQudy. 

X 

4. M = rcos^. du = cos Odr ^ r sin OdO. 

x + y (x + yy 

6. u^ei'a*, du = a^ei'dx -{- ei'a' log ady, 

7. w = tan-^(a^) . du = ^^^^ ' 

8. u = a^. du^yQiS'~^dx-\-Qi?\o%xdy, 

9. tt = a* + erH + sin v. 

du = a* log ado; — ze-'dy + e"*'cte +cos vdv. 

,05 — V vdx — xdv 

10. w = tan-i— -^. dM = ^ / . 

x + y ar + y* 

91. The total derivative, or total differential coefficient, of a 

function is the ratio of the total differential to the differential of 
the independent variable. 

Thus, if u =/(«, y, z)y we have for the total differential, by 

Art. 90, 

dw , du , du , 
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and if x be the independent variable, 

rdul ^ du du dy du dz 

[dxj ~" dx dy dx dz dx ^ ^ 

The student will observe that the dw's are not the same in the 
above formulae. In the first member of (1) du is the total 
differential of w, while in the second member du is a partial 
differential, the notation serving to distinguish the partial 
differentials from each other and from the total differential. 

To cancel the equal factors from the terms of the second 
member would be to destroy the means of distinguishing the 
du% no two of which are the same. In fact, (1) is 

du = d^u -f d^u + dgU. 

In forming (2) from (1) the first member becomes a total 
derivative, the bracket being used to distinguish it from the 

till 
partial derivative — in the second member. It is further to 
^ dx 

be observed that while (1) is true whether the variables be 
dependent or independent, (2) has no significance unless the 

variables are dependent ; for ~^, -t-> cannot be evaluated unless 

y=:<l>(x),z = il;(x). 

The total derivative is evidently the ratio of the rate of the 
function, on the hypothesis that all its variables change to the 
rate of the independent variable. 

92. The total derivative with respect to any independent 
variable may be formed in like manner by dividing the total 
differential, which is always the sum of the partial differen- 
tials, by the differential of the independent variable, under- 
standing that the independent variable is connected with the 
others by auxiliary relations. 

Thus, given u =/(», y, z) and x = <l>i(w),y=:<l>2{w), z = <l>s(w), 
to form the total derivative with respect to w, we have 

du , du , du ^ 
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. \ vbu, \ dudx du dy du dz 

whence 3— =3-3—4-3-3^ + 3- 



[_(?«; J" 



dx dw dy dw dz dw 

In this case the bracket is not necessary, but it is usual to 
enclose the total derivative in brackets whatever the indepen- 
dent variable. 

Examples. 1. Given u = 2aocy -\-logx, and aj = siny, to 
form the total derivative of u with respect to y. 



[: 



du , du , 

du'l du dx du 
1 = -^-^ + -^. 



dyj dx dy dy 

From the given function we find the partial derivatives 

du ^ 1 du 

djX 
and from a? = sin y, ;t- = cos y. Substituting these values, 



= 2a(y cos y + sin y) + cot y. 



The same result would be obtained by first substituting the 
value of X in the function and then differentiating. 

2. w = y^+ 7^+ zy, y = sin a?, z = cos x. 



— = cos2aj(l — sin2a;). 



, a? — y 
3. M = tan~^ — r-^, a? = e*, y = e". 
x + y" ' ^ 






By substituting the values of x and y in w and then dif- 
ferentiating, the student may compare the two processes. In 
this case the use of the formula is more expeditious. 
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4. u = tan"*-, aj?+y*=iP. 



rdul 1 

[dyj " X 



5. u = sin--, z = ^f y^^' 



,C0S-5« 



93. Implicit function of two variables. 

Let /(aj, y) = 0. Representing the function by u we have 

Since the only possible values of the variables are those 
which render the function zero, u is constant, and hence its 
differential is zero. Therefore 

du^^dx + —dy^O. 
dx dy 

du 

dy dx 

whence ^=^ -^^ W 

dy 

or the first derivative of an implicit function is the negative ratio 
of its partial derivatives. 

The above depends solely upon the fact that du is constant ; 
hence (1) is true when /(a?, y) = a, where a is any constant. 

Thus, f^2px = 0, .-. ^ = - ^ =|. Again, f+x^=^IP, 

.-. -^=— — ——5. These results might of course be ob- 
dx 2y y 

tained directly by the ordinary process of differentiation, but 
it is often useful to employ the value of the derivative in 
terms of the partial derivatives as given in (1). 
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Examples. Form by the above method the derivatives of : 

1. u=s3cLa?y^2ay^x = c, 

du 

6axy—2ay^ y(2y — 6x) 





du 


dy 


dx 


dx 


du 




dy 



3ao^ — ^ayx x{3x — 4ty) 



o 1 1 A dy^ yxlogy-f 

2. u^xlogy^ylogx^O. d^ = yxlog x -- a^' 

« ^ dy my — 01? 

^ ' ^ dx 'tf — mx 

dy my 



5. w = sin (ajy) + tan (ajy) = a. 



dy_ _y 
dx X 



6 u-ati^-^a^v-a^-O dy __ 3xh/ -{-Sao? 

b. w-ajr x>y oa^'-U. da;- 3a2^-aj« 

94. Evaluation of the first derivative of an implicit function. 

Let f(x, y) = 0, in which x is the equicrescent variable. 

du 

Then ^ ^ 

dx du 

dy 
may be a function of both a; and y and assume the illusory 

form - for particular values of x and y. In such a case we 

may eliminate y from -^ by means of f(x, y) = 0, and then 

dx 

proceed as in Art. 74 ; or, since y is a function of a;, we may 
apply the process of Art. 74 directly, without eliminating y, 
forming the successive derivatives of the numerator and 
denominator with respect to x until a pair is found whose 

ratio does not become - for the particular values of the varia- 
bles. Thus, if w = / — a^y — aj* = 0, 
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du 
dy dx ^2xy + ^a? 
do?"" du"^ 3y* — »* ' 

dy ^ 

which f or « = y = becomes -. By Art. 74, 



dy ^2Qsy + ^QiF\ __ 



2y-h2x^-\-12a? 



6,|-2. 









2-^ + 2*^ + 2^ + 240; 



da; 



(2y» 



6^+6y^-2 



da;« 



0,0 



_0,0 

dx 



Henoe 6^-2^-4^, o, ^ = 0, and ±1. 
0(0/ Gto cea; Ota; 

Having seen that the true value of an expression which assumes the 
form - for a particular value of the variable is its limit (Art. 74), it would 



seem, since a quantity can have but one limit (^Art. 64), that -^ in the 

above example could have but one value. That it may have several values 
will appear in Art. 114. 



dy 
Examples. 1. If « = a;*+ 2aa;V'" «^= ^y show that -^ 

or ± ^/2 when x = y = 0. 



= 0, 



dy ^ 4a;' + 4aa;y"l 
dx~~ 2aa;^ — 3ay*Jo,o 



12a;* + 4ay + 4aa;^ 
6a3/g-4aa; 



24a; + 4aJ^ + 4a^+4aa;g" 
dx dx dor 



dl 
da? 



6a-^„+6ay^-4a 



da? 



8a 



0,0 

dy 



dx 



J 0,0 



««»-■"■ 



Whence |(g-2).0. 
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2. If M = a?*-a3^ + 2aa^ + 3aaj*y = 0, show that ^ = 0,3, 
or —1, when aj = y = 0. 

dv 

3. u = a?* •— a^xy + y* = 0. Prove that -j^ = 0, or a', when 

x = y=:0. 

dv 

4. tt = a?* + oiB^ — ay* = 0. Prove that -p = 0, or ±1, when 

» = y = 0. 

5. M = aV — 2a6a:*2/ — a^ = 0. Prove that ^ = ±0, when 
a; =: y = 0. 



CHAPTER V. 



PLANE CURVES. 



CURVATXTRR 



95. A curve is concave upward at any of its points wTien its 
tangent ai that point lies below the curve, and is convex upward 
when its tangent lies above the curve. 

When a curve is concave upward, its 
slope increases with a; hence if y=zf{x) 

be its equation, /'(«)= -r- is an increas- 
ing function. But the first derivative of 
an increasing function is positive, and the 

first derivative of /'(a?) is f"(x) = -=^* 

Hence f"{x) is positive when the curve is 
concave upward. 

If the curve is convex upward, its slope 
decreases as x increases ; /'(«) is a decreas- 
ing function, and its derivative is therefore 
negative. Hence f\x) is negative when the curve is convex 
tipward. 




96. A point at which, as x increases, the curvature changes 
from concave to convex upward, or vice versa, is called a point 
of inflexion. At a point of inflexion the tangent evidently cuts 
the curve. 

Since on one side the curve is convex and on the other con- 
cave upward, tJie analytic condition for a point of inflexion is 

121 




Fig. 27. 
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(Art. 95) a change of sign %nf\x). Hence all values of x cor- 
responding to such points are roots of the equations f^\x) = 0, 
/"(fl5) = Qo. These roots are critical val- 
ues, and do not correspond to points of 
inflexion unless accompanied by a change 

of sign in /" {x) . ^ ^ 

In approaching a point of inflexion 
f\x) is increasing (or decreasing), and after passing this 
point is decreasing (or increasing); hence /'(a?) is either a 
maximum or a minimum at a point of inflexion. 

Examples. Examine the following curves for curvature 
and points of inflexion : 

1. 05 = log y, the logarithmic curve. 

/"(aj) = y, which is always positive, since negative numbers 
have no logarithms. The curve is therefore always concave 
upward and has no point of inflexion. 

2. y*-h a^= i?*, the circle. 

f"(x)= -, which is negative when y is positive, and 

. . 2r . . 

positive when y is negative ; hence the curve is convex upward 

above, and concave upward below, X. /"(«) has two signs, 

but does not change sign for increasing values of x, and there 

is no point of inflexion. 

3. ajy = m, the hyperbola. 

/"(«) = —-, which has the sign of x. The curve is there- 
•1/ 

fore concave upward in the first, and convex upward in the 
third, angle. f"(x) changes sign at aj = 0; but when a: = 0, 
y = cc, the curve being discontinuous, and there is no point of 
inflexion. 

4. «^ = 4a*(2a — y), the witch. 

r (x) = 2y ^f""^f . Points of inflexion at a? = ± — • 
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5. a?/^= 05*, the semi-cubical parabola. 

6. 2/ = sin X, the sinusoid. 

7. a; = log^y. A point of inflexion at a? = 8, where the curva- 
ture changes from convex to concave upward. 

8. ^ = a^flj, the cubical parabola. 

2 a* 
/"(a;) = — — -, which is positive when y is negative, and 

negative when y is positive ; hence the curve is concave up- 
ward in the third,, and convex upward in the first, angle, 
/"(a?) changes sign at y = 0, whence aj = 0, passing through 
infinity, and the origin is a point of inflexion. 

9. y (a*— 5*) = x{x — a)*— a;6*. 

A point of inflexion when a? = |^a. 

10. y= "^ 



11. y = tana;. 

« 

97. Bate of curvature. A plane curve may be defined as 
the locus of a point which always moves along a straight line 
while the line always turns around the point. 

Since the direction of motion is always that of the line, the 
line is the tangent to the" curve. Were the line to remain fixed, 
the locus would be a straight line, that is, if the tangent does 
not turn about the moving point there is no curvature ; hence, 
if ^ be the angle which the tangent makes with any fixed line 
as X, the curvature will depend upon the change of <^. 

Since in the circle equal arcs subtend equal angles at the 
centre, the normal, and therefore the tangent, turns through the 
same angle for every unit of path described by the generating 
point, and the curvature of the circle is therefore constant 
whatever the unit by which it is measured. 
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It is evident that if, in passing a second time through any 
point of a given curve, the velocity of the generating point be 
m times what it was before, the rate of turning of the tangent 
at that point will also be m times its former rate ; or that the 
ratio of the rate of turning of the tangent to the velocity in 
the curve is constant. Hence 

dt dff> 

ds'^ds 

dt 

is a constant for the same point, whatever the velocity. This 
expression is evidently the rate of turning of the tangent per 
unit of length of the curve, and may be taken as a measure of 
the curvature. This measure is independent of t, as it should 
be, for the curvature is a geometric property of the curve 
independent of the time of its description. 

Since the rate -^ is the amount by which <^ would change 

for a unit's length of path, were its rate to remain through this 
distance what it was at its beginning, the curvature at any 
point of a plane curve is that of a circle which has a common 
tangent with the curve at the point considered. This circle is 
called the circle of curvatnre, and its radius the radins of cur- 
vature. 

98. To eoDpress -^ in terms of the coordinates of the generating 
point. 

From Art. 25 we have 

ds=^dQi?+dy^y 

and, reckoning <^ from the axis of X, 

tan <^ = -^, whence sec^ <^d</> =--^, 
dx dx 

d^ ^ ^ 

J , dx dx dx 

or dfp = 



sec*</> 1 -f- tan*<^ ^ dy^ 

do^ 
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6?y cPy 

Hence ^ = T—T7^ T-^' (1) 



C+g)"^^^' 0*5)' 



To find therefore the curvature of a plane curve y =/(«), 
differentiate its equation twice and substitute in (1) the values 
of the first and second derivatives. 

99. Cnrvatnre of the oirole. 

From .^+2^=iP,^ = -^ = — -^=; g = -f which 
will be ± as y is q: . Hence 

d4^_ f _ 1 

\ fJ 
or the curvature of a circle is the reciprocal of its radius. 

Cor. 1. Since -^ =1 when iJ = 1, the unit of curvature is 

da 

seen to be the curvature of the circle whose radius is unity. 

Cor. 2. The curvatures of any two circles are inversely as 
their radii. 

100. EadiiiB of curvatore. Since the curvature of any plane 
curve at a given point is that of its circle of curvature at that 
point, and the curvature of this circle is measured by the re- 
ciprocal of its radius, we have, if p be this radius, 

i = ^, 
p ds 



_ ds _ \ dor J 



or p -.^ 

^ d<l> ^ 
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If we take the positive value of the radical, the radius of 

curvature will be ± as — ^ is ± ; that is, according as the 

curve is concave upward or downward at the point considered. 
The sign of p may thus serve to determine the direction of 
curvature. 

Cor. 1. Since — ^ = at a point of inflexion, the radius of 

curvature at a point of inflexion is infinite, and the curvature 
zero. 

Cor. 2. Since the circle of curvature at any point has a 
tangent in common in the curve, the radius of curvature is a 
normal to the curve. 



101. Coordinates of the centre of cnrvatore. 

Let G be the centre of curvature of the 
curve MN at any point P, and a, fi the co- r 
ordinates of C. Then 

a = OD = 05 - D5 = a: - p s in «^ 

dy 
ds 

P=zDC = BP-hSO=y + pcoB4i 

, dx 
da 




Fig. 28. 



Substituting the values of 



ds = -Vda^ + dy^ and p = 



_Hi)l 



da^ 



[' - (1)11 „ >^^^Y 



a = a? 



da? 



; P = y + 



\dxj 
da? 



(1) 
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102. Haximnm or minimnTn ourvature. Since the curvature 

is measured by -> it will be a maximum or minimum when p 

is a minimum or maximum. It is further evident that if a 
curve is symmetrical with reference to the normal in the vicin- 
ity of the point of contact, the curvature, if not constant, will 
be a maximum or a minimum at that point. 

103. In the vicinity of a point of maximum or minimum cur- 
vcUure, the circle of curvature lies wholly on one side of the curve; 
at aU other points it intersects the curve. For at a point of maxi- 
mum curvature the rate of turning of the tangent is greater 
than immediately before or after, while the rate of turning of 
the tangent to the circle of curvature remains constantly what 
it was at the point of contact ; hence the circle lies within the 
curve at this point. For a like reason, at a point of minimum 
curvature, the circle lies without the curve. At all other 
points of the locus (except when it is a straight line) its cur- 
vature is continually increasing (or decreasing) while that of 
the circle remains the same ; on one side, therefore, the curva- 
ture is less and on the other greater than that of the circle, 
and hence the curve crosses the circle. 

Thus, the circle of curvature lies without the ellipse at the 
extremities of the conjugate axis, within at the extremities of 
the transverse axis, and at all other points cuts the ellipse. 



Examples. 1. The parabola. 



Hence p = 



.[•-(i)1 



(/-hP')* 



cPy p^ 

da? 






fdyV^y 
\dxj y 



dAH? 



dx _ 
= 3x+p, 
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da? 

At the vertex y = ic = 0, p=p, a = jp, /3 = 0, or the radius of 
curvature is one-half the parameter and the centre of curvature 
on the axis twice as far from the vertex as the focus is. We 
observe also that p is least when ^ = 0, or the curvature at 
the vertex is a maximum. 

2. The ellipse. 

From aV + 6V = a«6«, ^ = -^, ^^ _^. 

dx dry dor aV 

Hence p = (^V±|V)*. 

At the extremities of the conjugate axis, a = 0, y = ±6, 
a!" 

At the extremities of the transverse axis, y = 0, a: = ± a, 

a 
If a = 6 = iJ, p=s R, the radius of the circle. 

3. The cycloid. 

From » = r vers-^J^ - V2^F^, ^ = i^^^EZ, ^= _ I 

r dx y daf y^ 

Hence p = 2^2 ry, or the radius of curvature is twice the 
corresponding normal (Art. 48, Ex. 9). 

At the highest point, y = 2r, p = 4r; at the vertex, y = 0, 
p = 0. 

4. The logarithmic curve. 

Prom x = \ogj,, ^=y, g = X; hence p^ K + y')* . 

If a = e, p= ^ "^^ - ^ , and if a? = 0, whence y = 1, p = 2 V2, 

y 

the radius of curvature of the Naperian curve at the point 
where it crosses T, 
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5. The hypocycloid. 

From a^»+y»=a», ^ = -2?^, ^ = 1 A; hence p=3V^. 

dx x^ ^ ^yM 
When either a; or y is zero, p = 0. 

6. The cubical parabola. 
From y = a«ic, p^^^t±^. 

7. The semi-cubical parabola. 

Fromay» = a^, p = ii«±^a:*. 
^ '^ 6a 

8. The catenary. 

From y = ^(e^ + i% P=-J- 

9. The cissoid. 

/p8 a(^8a Sx)^x^ 

From y^=^- , p = \ ,^ ^-r— , which is zero when 

^ 2a-a '^ 3(2a-aj)« ' 

a? = 0, and infinity when x = 2a, * 

EVOLX7TES AND ENVELOPHa 

104. T?ie locus of the centre of curvature of a given curve is 
caMed the evolnte of the curve, 

Tfie given curve is called the involute. 

105. Equation of the evolute. 

Let y=:f{x) be the equation of the involute. The coordi- 
nates of its centre of curvature are (Art. 101), 

da^ day" \ 

By substituting in these the values of the derivatives ob- | 

tained from y =f(x) , we obtain the values of a and fi in terms 



THE DIPPBRENTIAL CALCULUS. 



of X and y. Eliminatmg x and y between these results and 
y =/(«), the resulting equation between a and /3 will be the 
equation of the evolute. 

ExAMPLKS. 1. Pind the equation of the evolute of the 
parabola. 
From Art. 103, Ex. 1, we have 



Substituting these values of x and y in 
1/!= 2px, we have 




The form of the evolute is shown in the figure. 
2. Find the equation of the evolute to the ellipse. 

(»■-&■)»■ fl (g'-f)./ 




Substituting these in aV+ &'ic'= a'ft', 
we find 

(aa)J+(6^)S=(o'-6»)* ■ 
and the form of the curve is shown in the figure. 

3. The evolute of the cycloid is an equal cycloid. 



-am a: = rvers~' 

le x = a-2V-2r^-0', y = -fi. 
bstituting these in the equation of the cycloid, 



■ +V-2r^-^. 



(1) 
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If the given cycloid be referred to the axes XiOiTi, 



= r vers" V ^^ ] + V— 2r3^ — y*, 




which is of the same form as (1). Hence the evolute is an 
equal cycloid, being its highest point. 

4. Show that the evolute of a circle is a point, the centre of 
the circle. 

The usefulness of the above method of finding the equation 
of the evolute is limited by the difficulties of elimination, 
although the method is general. 

6. To find the evolute of the hypocycloid. 

From x^ + yi = a^, we have ^ = -2L, ^ = 1 JL_. 



dx 



ajj da^ ^yix^ 



Hence a = a; + 3a;*2/* P^y-hSy^x^. 
To eliminate x and y we proceed as follows : 

a+fi = x + Sxiy^ + 3y*x*+ y = (x* + y*)«; 
hence (o + 0)^ = ar* + y*. 

Similarly, (a - iS) * = ar* - y *. 
Hence, (o + iS)* + (o - iS)^ = 2 x* 
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(o+iB)*-(o-iB)* = 2y*, 
and [(a + i8)* + (tt-iB)*P+[(tt + /»)*-(a-iB)*]« 

(a+iB)*+(a-iS)* = 2o'. 

6. K C is the centre of an ellipse, OQ the X-intercept of the 
normal at P, and O the centre of curvature corresponding to 
P, prove that the area of the triangle COQ is a maximum when 
the distance of P from the conjugate axis is one-fourth the 
transverse axis. 

106. Envelopes. The equation of a locus is a relation be- 
tween 05, y, and one or more constants, upon which latter the 
position or form of the locus depends. Thus, the constants m 
and h fix the position of the straight line y = mx + h ; the con- 
stants a and h determine the form of the ellipse a^j^+b^a?=a^b* ; 
while the constants of the general equation of a conic deter- 
mine both its position and form. 

The constants in y =f{x) are called parameters. 

It follows that if different values be assigned to one of the 
parameters of the equation y=zf(x), the resulting equations 
will represent a series or system of curves differing from each 
other in form, or position, or both. Thus, (a; — m)* -|- ^ = ^* 
is the equation of a circle whose centre is on X, and if different 
values be assigned to m, we shall obtain a series of equal circles 
whose centres are on X 

The curve which is tangent to aU curves of the system obtained 
by the continuous variation of any one of the parameters in 
y =if(x) is called the envelope of the system. 

The constant thus supposed to vary is called the variable 
parameter. 

Thus, in the case of the above circle (a? •— m)* -h y* = iP, m 

being the variable parameter, the envelope of the system is 

evidently the two tangents to the circle, in any of its positions, 

which lie parallel to X 
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Denoting the variable parameter by a, the general equation 
of the system may be represented by 

/(«, y, a) = 0. 



Fig. 32. 



107. Equation of the envelope. 

Let SE be the envelope of any system of curves, and Q the 
point at which the envelope is tangent to any one curve of 
the system MN. Let 

^ =/(«, y,a) = (1) 

be the general equation of the system, a being 
the variable parameter, and P, (x, y), any 
point on MN, 

Were JOT fixed, that is, a constant, the direc- 
tion of P's motion would be determined by 

du - 
dy dx 
dx" du 

dy 

But, if JOT is not fixed, a is variable, and 

, du J , duj , du J /v 
du = -— aaj + — - ay H da =0, 




dx 



dy 



da 



whence 



du , du da 
dy dx dadx 
dx du 

dy 



dy 



Now when P coincides with Q, these values of -^ are equal, 

dx 

since MN and SB have at Q a common tangent. Hence at 

Q, the partial differential -j-da, and therefore the partial 

du 
derivative — , must be zero; or 

da 



du 
da 



= 0. 



(2) 
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The coordinates of any point Q of the envelope must there- 
fore satisfy (1) and (2). Hence, to determine tJie equation of 
the envelope of any system, combine the general equation of the 
system with the equation formed by placing the partial derivative 
with respect to the variable parameter equal to zero^ eliminating 
the parameter. 

Examples. 1. Find the envelope of (x — m)*+ y^= IP, m 
being the variable parameter. 

w = (aj-m)2+3^-iP=0, ^ = -2(a;-m)=0, or x^m. 

dm 

Substituting this value of m in (a; — m)*+2^— i^= we have 
y= ± B, two straight lines parallel to X 

2. Find the envelope of the hypothenuse of a right-angled 
triangle of constant area. 

Let OAB = c be the constant area, and 
OA = a. Then, since 

OB'OA ^j. 2c 
= c, C/x>= — • 



a 



Hence the equation of AB is 



or 



a 

2cx , 2c A 
u=.—-+y — -=0, 




(1) 



a* a 

in which a is the variable parameter. Hence 

dU ^ 4:CX . 2c _r. 

da a^ a? 

whence a=s2x. Substituting this value in (1), we have 
a?y = -, the equation of an hyperbola referred to its asymptotes. 

3. Find the envelope of an ellipse whose eccentricity so 
varies that its area remains constant ; knowing the area of an 
ellipse to be irab. 
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AM 

We have rrdb = m. a constant, whence a6 = — = c, a constant. 

As a and b are both variable, we eliminate either parameter, 
as &, from ah^-^-Vaf^a^l^ by means of the condition ab:=Cj and 

thusobtain w=aV-f"C*^— <**<^=^; whence — =40*2^—20(^=0, 

c* ^ c 

or a*=— -^ which in aV-j- c*a^— aV= 0, gives xy=— Since 

2y- 2 

the axes are rectangular, the hyperbola is equilateral, as also 

in Ex. 2. 

4. A line of fixed length moves with its extremities in two 
rectangular axes. Find its envelope. 

Let AB (Fig. 33) be the line. Its equation is 

us 1/ 

--f-| = l, or tt=&aj-f-ay — a& = 0, (1) 

and by condition, 

a«-f-y = ^-B* = P, (2) 

I being constant. Proceeding as before, we should eliminate 
one of the parameters from (1) by means of (2) and then form 
the partial derivative. But it will be found more expeditious 
to differentiate first and eliminate afterwards. 
We have from (1), since 6 is a function of a, 

since 3- = — r ^^om (2) . Substituting in succession the values 

of X and y from (1) in (3), we find 

a^ + 6V-2>' = 0, (4) 

-a*aj-yaj + a»=0. (6) 

Substituting from (2) the value of a* in (4) and of V in (6), 

or y = y¥, a^ = xhi, 

which in (2) give x^ +y^ = l^, the equation of the hypocycloid. 
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5. Find the envelope of y=smx'\'b, m being the variable 
parameter. 

6. From a point A on the axis of X distant a from the 
origin lines are drawn. Find the envelope of the perpendic- 
ulars drawn to these lines at their intersections with F. 

A line through ^ is y = m(ic — a), and its intersection with 
Y is (0, --ma). The perpendicular to y==m(aj — a) at 

1 X 

(0, — ma) is y + ma = aj. Hence u = y -f- ma H — = 0, m 

m m 

which m is the variable parameter. 

—- =a - = 0, .-. m = — 

dm mr ^i 

Substituting this value of m in y -f- ma -f- -7 = 0, we have 
2^ = 4aa;9 a parabola. 

7. Find the envelope of a series of equal circles whose 
centres lie in the circumference of a given circle. 

Let x^ + yi == J?i* be the fixed circle. Then 

is the movable circle. 

Am, iB* + y* == (jBi ± J?)', two concentric circles whose radii 
are J?i+-B and J?i — jB. 

8. Find the envelope of a? cos 3 tf -f- y sin 3 tf = a(cos 2 tf ) *, tf 
being the variable parameter. 

xcos30 + ysm39==a(co829)^, (1) 

whence ^ = — X8m8a + ycos30 + a(cos29)^sm29 = o, 

or a;sin3a — ycos39=asm29(cos20)i (2) 

Squaring (1) and (2) and adding, 

«« + y3= aa[(co8 2^)» + C08 2^(sin2^)«] = a«cos2$. (3) 
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DiTiding (2) by (1), 



xcoBSe-^yBiaSe 



= tan2tf, 



l + taii30.| 



whence ? = tan $, Hence from (8), 



a.2 + y«=o2li:Ltan«f^^2x2- 



l + tanStf a;« + y«' 
or (a;« + y*)^ = a\ct^ - y«), the lemniscate. 

108. T/i6 et;oZt^e ia the envelope of the normcils to the involute. 

Let («', y') be any point P' of the involute, (a, P) the cor- 
responding point Q of the evolute, and ^ the angle made 
by the normal or radius of curvature 
P^FQ with X, Then for SQ and 
iSP'wehave " jC, F's-^ 




(2) 



a— a:'=pcos^, )8— y=psin^, 

or a=a;'-f-pcos^, )8=y'-f-psin^. (1) 

As («', y') moves along the involute, 
(a, P) moves along the evolute, or o, )8, y' are functions of x\ 
Hence, differentiating (1), 

da s= dx' -^ GOB iffdp — p sin fftdift, 
dp = dy^-^- sin tf^dp + p cos <^<^. 

But, Art. 26, 

(2a/=sin^da, dy= — cos^cZs, 

1 d<^ 

or, since - = -=^> 
' p ds 

dx*=p sin ^<^, dy*=i^p cos <^^. 

Substituting these in (2), we have 

da = cos <^dp, djS = sin <ffdpy (3) 

whence -2 =s tan ^. 
(2a 
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But ^ is the slope of the tangent to the evolute at Q, and 

da 

tan <^ is the slope of the normal to the involute at P. Hence 
tJie normal to the involute is tangent to the evolute, and the evolute 
is the envelope of the normals to the involute. 

109. The difference between any two radii of curvature to the 
involute is equal to the arc of the evolute which they intercept. 

For, from Art. 108, Eq. 3, 

da = cos <l>dp, dj8 = sin<^p. 
Hence, squaring and adding, 

da2-fcZ/?=dp«; 

or, if s' be the arc of the evolute (Art. 25), 

ds^= ± dp ; 

or the rates of change of s* and p are equal. 

110. The two preceding properties afford the following 
mechanical construction of the involute when the evolute is 
given. Let RS be any curve. Then, 
if a pattern of BS be made, and a 

string, one end of which is fixed at S, pi ^*^' ^' 

be wrapped around the pattern SQB, 
as the string is unwound from the 
pattern the "free end will describe the m 
curve MN which will be the involute of RS. Any point of 
the string will trace the arc of an involute as the string un- 
winds from the evolute; hence, while a curve has but one 
evolute, namely, the locus of its centre of curvature, the evo- 
lute has an infinite number of involutes. 

111. Orders of contact. 

Let y=f{x), y=<l>{oci), be the equations of two curves re- 
ferred to the same axes and having a common point at a; = a. 
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Then /(a) = <^(a). Let ^ be a very small increment of a, the 
ordinates corresponding to a; = a -f ^ being /(a -hh), <^(a -f- ^). 
By Taylor^s formula, 

/(a +h)= /(a) + /'(«)A +/"(«) I' + /"'(«) I -, 

If l£ 

or, by subtraction, 

f{a+h) - .^(a+A) = CrCa) - .^'(a)]A+ [/"(a) - ^"(a)] ^ 

If 

+ [/'»-<^"'(«)3|+-,(i) 

which is the difference between corresponding ordind.tes of the 
curves on one or the other side of their common ordinate 
according as A is positive or negative. It thus appears from 
(1) that two curves are nearer on each side of their common 
point as the second member is smaller, that is, as the succes- 
sive derivatives in order are equal each to each when aj = a. 

If f'(o,) = <l>\a), the curves are tangent at aj=a and are 
said to have contact of the first order. If, also, f"(a) = <^"(a), 
the curves are said to have contact of the second order ; and so on. 

Cor. 1. Since, if the curves have a common point, we must 
have /(a) = <^(a), contact of the nth order imposes n -f- 1 condi- 
tions. 

Cor. 2. If contact is of an odd order, the first term of (1) 
which does not vanish contains an even power of h, and the 
difference between the ordinates has the same sign whether h 
be positive or negative. Hence one curve lies above or below 
the other on both sides of the common ordinate, or curves whose 
order of contact is odd do not intersect. If contact is of an even 
order, the first term of (1) which does not vanish contains an 
odd power of h, and the difference between the ordinates 
changes sign with h. Hence if one curve lies above the other 
on one side of the common ordinate, it lies below it on the 
other side, or curves whose order of contact is even intersect. 
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Gob. 3. Since the number of independent conditions which 
can be imposed upon a curve is the same as the number of 
arbitrary constants in its equation, the highest possible order 
of contact between two curves whose general equations contain 
n and m arbitrary constants is n — l, n being less than m. 

Examples. 1. What is the highest possible order of con- 
tact of an ellipse and parabola? 

The general equation of the conies contains five arbitrary con- 
stants, and therefore the ellipse has a possible fourth order of 
contact with other curves. But for the parabola e = 1, the 
number of arbitrary constants is four, and its highest possible 
order of contact is the third. Hence the ellipse and parabola 
cannot have contact with each other above the third order. 

2. Prove that in general the highest possible order of con- 
tact of a straight line is the first, that is, tangency ; and of the 
circle, the second. 

3. Prove that at a point of inflexion the straight line has 
contact of the second order, and intersects the curve. 

At a point of inflexion the second derivative of y =/(«), the 
equation of the curve, is zero (Art. 96). Also, from y = mx -f b, 
the second derivative is zero. Hence the line and the curve 
have contact of the second order. Hence, also, the tangent 
intersects the curve (Art. Ill, Cor. 2). 

4. Prove that at a point of maximum or minimum curvature 
the circle of curvature has contact of the third order. 

At such a point the circle does not intersect the curve (Art. 
103), hence its contact must be of an odd, and therefore of the 
third, order (Art. Ill, Cor. 2). 

SINGULAR POINTa 

112. Points of a curve presenting some peculiarity, inde- 
pendent of the position of the axes, are called singular points. 
Such are points of inflexion, already considered (Art. 103) . 
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Fig. 36. 




Fig. 37. 




Hnltiple points. A multiple point is one common to two or 
more branches of a curve, and is double, triple, etc., as it lies 
on two, three, etc., branches. 

If the branches pass through the point, 
as in Figs. 36 and 37, P is called a mul- 
tiple point of intersection or pscnlation, 
according as the branches have different 
tangents or a common tangent. Thus, in 
Fig. 36, P is a triple multiple point of 
intersection ; and in Fig. 37, P is a double 
multiple point of osculation. 

If the branches meet at the common 
point but do not pass through it, as in 
Figs. 38 and 39, P is called a salient point 
or a cusp point, according as the branches 
have different tangents or a common tan- 
gent. Cusp points are of the first or 
second species according as the branches 
lie on opposite sides or on the same side 
of the common tangent. 



113. A conjugate, or isolated point, is 

one whose coordinates satisfy the equa- 
tion of the curve, although no branch of 
the curve in the plane of the axes passes 
through it ; as P, Fig. 40. 

A stop point is one at which a single 
branch of a curve terminates. 





Rg. 39. 



rig. 40. 




114. Determination of singular points by inspection. 

Ascertain if possible, by inspection of the equation, whether 
for any value of one of the variables, as x, y has a single value. 
Let a? = a be the value of x which gives a single value h for y. 
Then the point (a, h) is to be examined. 

If, for values of x both a little less and a Kttle greater than 
a, y has more than one real value, the branches pass through 
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(a, b), which is therefore a multiple point of intersection or 
osculation. If, for values of 05 a little greater (or less) than 
a, y has more than one real value, but is imaginary when x is 
a little less (or greater) than a, the branches meet but do not 
pass through (a, 6), which is therefore a salient or cusp point. 
If y is imaginary for values of x both a little less and a little 
greater than a, (a, b) is a conjugate point. 

To determine whether the branches have the same tangent 
or different tangents at (a, 6), we observe that, since (a, b) is 

common to several branches, -^ must at that point have sev- 

dx 

eral values, and the branches will have different tangents or 
a common tangent according as these values are different or 
equal. 

It is evident that -^, as derived from /(a, y) = 0, may have 

dX 

more than one limit when /(a;, y) = 0, has multiple points. 
Thus if POP* is the locus of f{x, y) = 0, 

_??, being entirely general, applies to both 

the branch OP and the branch OP, and 

its value at is the limit of ?^ or of ?^ 

X x' 

according as P or P* approaches 0. It is thus a general ex- 
pression for the limits of different ratios, and these limits may 
or may not be the same. 

Examples. 1. Prove that y^= »^(1 — a^) has a double mul- 
tiple point of intersection at the origin. 

Values of a?, whether positive or negative, give in general 
two values of y ; but when x^O, y has the 
single value 0. Hence the branches pass v ^'9; *2. 

through the orgin. 

dx 




x'o X 



Fig. 41. 



_ l-2a^n ^ 



= ±1; 




there are therefor^ two tangents at the origin, making angles 
of 45° and 135° with X, and the branches intersect. 
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2. Prove that a^—2(iba^ — «*= has a point of osculation 
at the origin. 

Solving for y we have 



If X is positive and very small, the radical >6; hence one 
value of y is positive and the other nega- 
tive. If X is negative and very small, both 
values of y are positive, since the radical is 
then less than h. If a; = 0, y = 0. Hence 
the branches pass through the origin and 
lie in the second angle on the left of Y, 
and in the first and fourth on the right of F. 

^ K^^A 7. n 20a^-^4:aby-hAabx^ 
ay ^ oir-f4aoiBy I __ dx 

da "~ 2 ah/ — 2 afta^Jo, o"" 




Fig. 43. 



2a«^-4a6aj 
dx 







2 a' 



_ 0,0 



^dy 
dx 



whence -^ = ± 0, or the axis of X is a common tangent at the 
dx 

origin. Hence there is a double point of osculation at the 
origin, and for one branch the origin is 
a point of inflexion. 

3. Prove that 2^= 2 oj^-f- aj^ has a mul- 
tiple point of intersection at the origin, 
the tangent having the slopes ± V2. 




4. Prove that y*= 



a?* 



has a double 



multiple point of osculation at the 
origin. 

y has in general two real values with 
opposite signs, whether x be positive 
or negative, and is zero when aj = 0; 
hence the branches pass through the 
origin. 



R9. 
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Hence the axis of X is a common tangent at the origin. 

6. Prove that y^ = oi:l^^af has a double multiple point of 
osculation at the origin. The locus of Ex. 4 is represented by 
the dotted line of Fig. 46, and that of Ex. 6 by the full line. 

6. Prove that the cissoid has a cusp of the first species at 
the origin. 

y* = — If X is positive, y has two values with oppo- 

site signs ; if a = 0, y = ; if a? is negative, y is imaginary. 
Hence branches in the first and fourth angles meet at the 
origin, but do not pass through it, and the origin is either a 
salient point or a cusp of the first species. 

^ (2a-a;)U 

or the branches have the axis of X for a common tangent. 

7. Prove that wt^^oi? has a cusp point of the first species 
at the origin. 

• ■ 

8. Prove that {y — T^y^m^ has a cusp 

point of the second species at the origin. 

y = ix^±x^. If a? is negative, y is imagi- 
nary ; if a = 0, y = ; if a? is positive and 
small, y has two positive values. Hence o 
two branches, both in the first angle in 
the vicinity of the origin, meet at the 
origin but do not pass through it. ^ 

dx 

Hence X is a common tangent, and the origin is a cusp of the 
second species. 
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9. Show that y*=a;(a-f-aj)' has a conjugate point at (—a, 0). 
y = Va;(a-f a;) has two values when x is positive, but is 

imaginary for all negative values of x except aj =s — a, when 

y = 0. 

10. Prove that the conchoid has a multiple point of inter- 
section, a cusp of the first species, or a conjugate point, at 
(0, — &), according as a > &, a = &, a < &. 



a^ = (y +by{a^ — y^), whence aj = ± Va* — y*- 

If a > &, values of y a little less or greater than — b give 
two^alues of «, and a: = when y= — 6. Hence the branches 
pass through (0, — b). 

If a = &, a; is imaginary if y is negative and numerically 
greater than 6 ; is when y = — 6 ; and has two values when 
y is negative and numerically less than &. Hence the branches 
meet at (0, — b), but do not pass through it. 

li a<by all negative values of y numerically greater than a, 
except y = ^bf render x imaginary. 



dy fx 



dx — aj*y-f-a^ — 2^-f &a* 

23^1 + 2^ 



-Sby'-b^i,. 



-2xy + {a*-a?-6y'-6by-V)^ 



6» 



0,0 



dx 



dy , b 
dx Va* — 6* 

If a > 6, there are two tangents whose slopes are ± 



If a = 6, the slope becomes oo, and F is a common tangent. 
If a < &, -p IS imaginary. 
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11. Show that y = a;taii~^- has a salient point at the origin. 



X 

If 0? =3 0, y as ; whether x be positive 
or negative, y is positive. The curve 
therefore lies above X, and branches in 
the first and second angles meet at the 
origin. When x is positive, 




dx 



X l+o^Jo 2 



.5708, 



the slope of the branch in the first angle. When x is negative, 



dx 



= tan-(-i)+^-^]^=tan(-oo)=-| = -1.5708, 



the slope of the branch in the second angle. 

12. Prove that y = x log x has a stop point at the origin. 

The curve lies to the right of Y, for 
negative numbers have no logarithms, 
and X cannot be negative. When x is 
positive, y has one real value. When 
aj=0, 

1 




1 log«" 

y = ajlogaj=— j- 



X 



X 

r 



Fig. 48. 



= 0. 



Hence the curve consists of a single branch terminating at 
the origin. 



115. A rectilinear asymptote to a curve is a straight line 
which the curve continually approaches but never reaches ; or 
it may be defined as the limiting position of the tangent as the 
point of contact recedes indefinitely from the origin. 

If the curve has no infinite branch, it can have no asymptote. 



V 
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116. Asymptotes parallel to the axes. 

If FQ is an asymptote parallel to X, and at a distance h from 
it, then as x increases without limit, y approaches the finite 
limit b, and y=b is the equation of FQ, 
So, also, if SB is an asymptote parallel to 
Y, and at a distance a from it, then as y * I V ** ' 

increases without limit, x approaches the 
finite limit a, and as = a is the equation 
of SB, 

To determine, therefore, whether f(x, y) = has asymptotes 
parallel to the axes, observe whether either variable approaches 
a finite value as a limit, that is, as the other increases indefi- 
nitely. If such be the case, there is an asymptote parallel to 
the axis corresponding to the variable which increases indefi- 
nitely, at a distance from it equal to the corresponding finite 
limit of the other variable. 

Examples. 1. Show that x=2E is an asymptote to the 
cissoid. 

2^ = , in which y approaches ± oo as a? approaches 

2M — X 

2R, Hence x = 2B is an asymptote to both branches. 

2. Show that y = is an asymptote to the conchoid. 
x=± ^"^ Va^ — y^, in which, whether y be positive or neg- 

y 

ative, x approaches ± oo as y approaches 0. Hence y = 0, or 
the axis of X, is an asymptote to both the branch above and 
that below X. 

3. Examine y = tan x for asymptotes. 

4. Show that y = is an asymptote to the witch 
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5. a^ — ic^ = a^ 



y = — — — • As X approaches ±co, y 
a — ixr 

approaches 0. Hence y = 0, or the axis 
of Xy is an asymptote to two branches. 
Also, y approaches oo as a; approaches 
±0. Hence » = a and » = — a are 
asymptotes. 

6. a*a; = y(a5 — a)*. 



Fig. 50. 




Fig. 51. 



y = 



a^x 



As X approaches ± oo, 




{X - ay 

y approaches ± 0. Also y approaches 

00 as a; approaches a. Hence the axis of X and a; = a are 

asymptotes. 



7. ajy — ay — &aj = 0. 

-, a? = — ^ — The asymptotes are x:=a, y = b, 
y — o 



y = 



x — a 



8. Show that y = is an asymptote to a? = log y, 

9. Examine »V = a^{iii? — 2^) for asymptotes. Ana, y= ±a. 

10. Examine y{a? '^iit?)=^a^{a— x) for asymptotes. 

11. Examine y = a -f- 7- — — for asymptotes. 



{x — c)' 



Ana, y = a^ x = c. 



12. Examine the locus of Ex. 4, Art. 114, for asymptotes. 

117. Asymptotes oblique to the axes. 

The equation of a tangent to a plane curve being 

if we make in this equation y =s 0, the corresponding value of 
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X will be the intercept of the tangent on X Representing 
this intercept by X, we have 

x= «'-,'!;. (1) 

In like manner^ making x=sO, the intercept on F is found 
to be 

from which the accents may be omitted if we understand 
{x,y) is the point of tangency. Now the asymptote is the 
limiting position of the tangent, that is, the position which 
the tangent approaches as the point of contact recedes indefi- 

nitely ; hence its slope is the limit of -^, and its intercepts are 

the limits of (1) and (2), as the point of contact recedes in- 
definitely from the origin. The position of the asymptote 
when oblique to the axes will therefore be known when the 
limits of X and Fare known, and if these limits be designated 
by Xi and Tjy the equation of the asymptote is 

4+^ = 1- 
X^T, 

If either Xi or Ti is zero, the asymptote passes through the 

origin, and its direction is determined by finding the limit of 

dv 

-p as the point of contact recedes indefinitely from the origin. 

If both Xi and Fi are infinity, there is no asymptote. If one 
is infinity and the other finite or zero, the asymptote is parallel 
to or coincides with the axis on which the intercept is infinite. 

It is usually most expeditious to find first the limit of ^• 

If this is neither nor oo, the asymptote is oblique, and its 
position is made known by either Xi or Fi; if the limit of 

-p is zero, there will be an asymptote parallel to the axis of 

^"^ dv 

X if Fi is finite ; if the limit of ^ is oo, there will be an 

asymptote parallel to the axis of F if Xi is finite. 
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Examples. Examine the following curves for asymptotes. 

1. The parabola, y* = 2px. 

The curve has infinite branches in the first and fourth angles. 

Jl —? = ± ; hence if there are asymptotes, they are paral- 

lei to the axis of X Fi =s y — a?^ = | = ± oo ; hence 

there are no asymptotes. -^'^ ^^ 

2. The hyperbola, ay-b'a?^^ a^V. 

The curve has an infinite branch in each angle. 



dx ah, "^^ ^fi^ "^a 
X, = .-y^1 =q =±0. 



Hence the diagonals of the rectangle on the axes are asymp- 
totes to the curve in each angle. 

a a; = logy. 

Since y approaches as as approaches — oo, the axis of X is 

an asymptote (Art. 142). Otherwise, -^ = y =0; hence if 

there is an asymptote to the branch in the second angle, it is 
parallel to X. 



ri = y-ylogy]o = i— ^^^ 



y 



1 



= 0, 



or the axis of X is the asymptote. 
For the branch in the first angle, a? = oo when y = oo. Hence 

-i? = y = 00 ; that is, the asymptote is perpendicular to the 

axis of X, if one exists. Xi = a5--l]« = oo, or there is no 
asymptote to the branch in the first angle, 
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4. j^ = fl5*(a — a). 

When a > a, y is negative, and there is an infinite branch in 
the fourth angle. When x is negative, y is positive, and there 
is also an infinite branch in the second angle. 



IT - -^^ "I __ ? 



ri = 



a 






a 
3' 



Hence the asymptote is common to both branches, and its 



a 



equation is y = — « + -• (See Fig. 53.) 

o 

5. Prove that y = a? + 2 is an asymptote to ]^ = 6a^-^ic\ 

6. Prove that y= —x is an asymptote to j/^ = a® — a^. 



CURVE TRACINO. 

118. The foregoing principles are sufficient for the deter- 
mination of the forms and singularities of many curves, but a 
knowledge of the general theory of curves is necessary in order 
to trace cxirves with facility from their equations. 

i.y=jf^ (1), •^'(^)=(r^« <2)' 

Since y has but one value for any value of x, its sign being 
that of x, and is when y = 0, the curve passes from the third 
to the first angle through the origin, 
and has infinite branches in these 
angles. As x approaches ±ao, y 
approaches 0, and the axis of X is 
therefore an asymptote to both 
branches, /'(a?) changes sign at 
35 = ± 1, and these values render f'\x) negative and positive 
respectively, giving a maximum ordinate in the first, and a 
TniniTmiTTi ordinate in the third, angle. /"(«) changes sign at 




Fig. 52« 



152 



THE DIFFERENTIAL CALCULUS. 



a? = ± V3 and x = 0, giving three points of inflexion. The 
slope of the curve at the origin is 46°, for f'(x)=l when 



2. 3/» = aic*-aj» (1), 



/"W = - 



fi^) = 



2a' 



9x^(a — xy 



2a--3a? 
3x^(a^xy 

(3). 



(2), 



If X is negative, y is positive, and there is an infinite branch 
in the second angle, /"(a) is negative when x is negative, 
hence this branch is convex upward. 

If X is positive, y is positive till 
a; =5 a, when y = 0, the curve having a 
branch which crosses X at x = a from 
the first into the fourth angle. Since 
y = when aj=0, the branches meet 
at the origin, which is a cusp point of 
the first species, /'(a;) becoming oo for 
as = 0, and T being the common tan- 
gent, /"(a?) changes sign from — to + at a? = a, which is 
therefore a point of inflexion, the curve being convex upward 
in the first angle and concave in the fourth. The slope at 
x = a is 00, since /'(a;) = 00 when x = a, f'(x) changes sign 
at x=s^a from + to — , hence x=:^a renders y a maximum. 

It has been shown in Art. 117, Ex. 4, that y = — a? + ^ is an 

o 

asymptote to both branches. 




3. y = e"' (1), /'(«) = 4; (2), f'(x) ^^ (3). 



aj^e" 



1 



Erom (1) we observe that y is positive whatever the value 

of aj, or the curve lies above X. 

1 

Let X be negative. Then y = 6*, which increases as x de- 
creases, becoming oo when x = 0; and decreases as x increases^ 
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Fig. 54. 




becoming 1 when as =s oo. Hence y=l, and 
tlie axis of T^ are asymptotes in the second 
angle. Also, when x is negative, /"(a?) is 
positive, and this branch is concave upward. 

Let X be positive. Then y= — , which 

increases with Xy becoming 1 when a; = oo ; or, y = 1 is also an 
asymptote to the branch in the first angle. Since y = when 
05 = 0, and y = oo when x is negative and very small, the origin 
is a stop point. 

f\x) cannot change sign, hence there are neither maxima nor 
minima ordinates. 

f"{x) changes at a?= J- from -f- to — , a point of inflexion at 
which the curvature changes from concave to convex upward. 

f'(x) = — J = X 00. Placing 2 = -, whence 2 = 00 when 

x'J^ ^ 

aj = 0, /'(«) = ?n =?^1 =-"] = 0, and X is a tangent at the 
origin. J» J» Jw 

4. y^xlogx (1), f(x) = l + logx (2), r{x)^^ (3). 

The curve lies to the right of F, since x cannot be negative. 
As the logarithm of a proper fraction is negative, y is negative 
till a = 1, when y = 0. When a? > 1, y is 
positive. As f"{x) cannot change sign, ^j 
the curve is concave upward. /'(a5)s=0 



gives log » = — 1, or aj = 6"^ = -, which 




— X 



Fig. 55. 



renders y a minimum. When x = 0, 
/'(a;) = —00, or the axis of F is a tan- 
gent. When x=l, /'(«) = !, or the curve crosses X at an 
angle of 45°. 

x 



dx 

^ ^dy 1 + log a; 



1=1 



Fi = y — aj^ = --x =00, 
^ dx L 



x_ 



= 00, 
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hence there are no asymptotes. The origin is a stop point 
(Art. 114, Ex. 11). 

5- (y-a*)* = a', or 2^ = ic* ± a* (1), f\x)^x{2 ± |V«) (2), 

See Ex. 8, Art. 114, and Fig. 46. 

6. y» = a'x (1), f\x) = ^^ (2), r{x) = - 1^' (3). 

l.af^^(l), A.) = M(2), rW = ^(3). 

8. f^2a?-{-7? (1), /'(aj) = lf^±M=±.l±|^ (2), 

^y 2V2-f-a? 

/"(a,)=±Jjt3^ (3). 
4(2 + aj)* 

From (1), y= ± a? V2 -f- x, from which we see that the 
curve is symmetrical to X, passes through 
the origin, and has x = — 2, a? = oo for its 
limits along X. f'(x) = ± V2 when a;=0, 
hence the origin is a multiple point of inter- 7 
section. The tangent at x= —2 is perpen- 
dicular to Xy since /'(aj) = oo for a? = — 2. pig/ 55^ 
/"(») has two signs, but does not change 
sign except for a? = — |, which is not a point of the curve, since 
the limit of a? is — 2 ; hence there are no points of inflexion. 

/'(a?) changes sign at a? = — |, where there is a maximum 
and a minimum ordinate. 

' ^f/ X ^y 4aj + 3ar| 4 + 6a? , dyl 

^^'^^ =£ — w-\^ = -^^ "'^'"'^ iL = "' 

dx 
or the asymptote, if there be one, is perpendicular to X. 

Xi = = <» ? and there is no asymptote. 

4H-3ajJ. 
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9. y' = oi' + a/> (1), f'{x) = fii + &x)= ±liL±M (2), 

^y 2Vl+a! 

4(1+ a)* 

From (1) , y = ± o^ VI + «, whence we see the curve is 
symmetrical to X, passes through the origin, 
and that its limits along X are a; = — 1 and 
05= 00. When a; = 0, f'(x) = ± ; hence the 
origin is a point of osculation, X being a 
tangent to both branches. 

i O J. -, /OA 

the lower sign 

is impossible since a; = — 1 is a limit, and the upper sign gives 
points of inflexion. f(x) = 0, gives a; == and a? = — ^, which 
correspond to maxima and minima ordinates. There are no 
asymptotes. 

10. .2/* = iK^ — aj*, or y = ± a;i Vl — x (1), 



From r{x) = 0, we find a? = ""^^g^^ 5 



/"(aj)==±. 

4(l-aj)Va;(l-a?) 

From (1) the curve is seen to be symmetrical with respect 
to X; and as x cannot be negative and 
f'{x) = when a? = 0, the origin is a cusp 
of the first species. Since x cannot be 
greater than 1, the curve lies between the 
limits and 1 along X. There is a maxi- 
mum and a minimum ordinate at a;=sf, 



Fig. 58. 




and x = 



3-V3 



corresponds to points of inflexion. When 



aj=l, /'(a?) = 00. 

11. c?y-^(x?y^a\ 

12. ^x = y{x^2y. 



13. a2/*-aj« + 6aj« = 0. 

14. aj'-«y + l = 0. 
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15. y* = aj«(l-.a^)8 (Fig. 59). 18. 3^ = aJ*-a:« (Fig. 45). 

16. y« = aj*(l-a^)8 (Fig. 60). 19. j/* -f- oj* - a« = 0. 

17. ay+6V = aW. 



Fifl. 59. 




Fifl.60. 



POLAR CURVES. 

119. Subtangent and subnormal. 

Let P be any point of MM \ PT tbe tangent, PN the normal, 
the pole, and OX the polar axis. Through the pole draw 
NT perpendicular to the radius vector 
to the point of contact, OP, meeting 
the tangent and the normal at T and 
N. Then OT is the subtangent and 
OJIVthe subnormal. 



Fig. 61. 



120. Lengths of the subtangent and 
tangent. 

From the right triangle OPTy 

OT^ OP tan OPT = r tan OPT. 

tan a — tan 6 




But 



tan OPT=^ tan (a - d) = 

^-tan(? 
dx 



l + tanatan^ 
dy cos B — dx sin 6 



1 4. ^tan 6 ^ ^^^ ^ + ^y sin 
dx 

But a5 = rco8d, y = r sin 0, whence 

dx = cos Odr — r sin Bdjd, dy = sin Odr + r cos Odd, 

dO 
Making these substitutions, we find tan OPT=r-j-', hence 

dr 

Subtangent = 0T= r^^, 

dr 
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and Tangent = VaP*+"Or* -rJl + r^ 



dtf» 



Cor. ds = ^/da^-^df (Art. 25) = Vd?TrW. 

121. Lengths of the subnormal and nonnaL 
0N= OPtan OPiV= r cot OPr= 



tan OPr 
Hence (Art. 120), 

Subnormal =OJV=^ 

dff 



and Normal = PN= ^/r« + — . 

Examples. 1. The lemniscate r^ = a^ cos 2 0. 

dr a'sin2^ 

d^"" r 

Hence Subt = r«~ = - -4^^ — = - r cot 20, 

dr o*sin2^ 



Tangent = rJl+r^g = — |^, 
Subn = ^ ?^5iE2^, 



Normal = Jr«-f-^ = 2L. 
\ dff r 



2. The logarithmic spiral r=o*. 

— - =5 a* log a. 
dO ^ 

Hence Subt = , ^ , Subn = r log a. 

log a 

dd 1 
In this spiral tan OPT =:r — =5;; , a constant. Hence 

dr log a 
the tangent makes a constant angle with the radius vector to 
the point of contact. For this reason this spiral is often called 
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the equiangular spiral. In the Naperian logarithmic spiral, 
log 6 = 1, and the subnormal is equal to the radius vector. 

3. The spiral of Archimedes r = aA 

-- == a = subn, a constant, r* — = a^ = subt. 
dB dr 

4. The cardioide r = a(l -f cos 0), 

-^ = — a sin ^ = subn. Subt. = — — . 

dd a sin $ 

5. Prove that in the curve r=:a sin $ the radius vector makes 
equal angles with the tangent and polar axis. 



tan OPT^ r— = a sin — — 

dr a cos $ 



= tan 0. 



6. The circle r = 2 22 cos A 

Subt = 2 22 cot ^ cos ^, subn = — 2 22 sin ^, 
Tangent = 2^ cos ^cosec^, normal = 222. 

7. Prove that the subtangent of the reciprocal spiral is con- 
stant. 



122. Curvature of polar curves. 

A curve at any of its points is said to 
be convex or concave towards the pole 
according as its tangent does or does not 
lie on the same side of the curve as the 
pole. 

Let fall from the pole the perpendicular 
OD =jp upon the tangent. If the curve 
is concave to the pole, p is an increasing 
function of r, r ^f{0) being the equation 

of the curve. Therefore ^ 




dr 



is positive. 



If the curve is convex to the pole, p is 

a decreasing function of r, and J^ is nega- 

.. dr 

tive. 
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Hence the curve is concave or convex towards tlie pole ac- 
cording as -^ is positive or negative, and at a point of inflex- 

ion -? must change sign. 
dr 

To findp, we have (Fig. 63), NP being the normal, 

OD\NP\\OT\NT, 
But, Arts. 120 and 121, 

\ d^ dr 

de dr 
Hence p = 



To examine a polar curve for points of inflexion, substitute 

— from the equation of the curve, r =/(^), in the above value 

of jp, and see if, for any value of r, -^ changes sign. 

dr 

Examples. 1. Prove that the logarithmic spiral is always 
concave to the pole. 

a dr ^ r* r 



"^ /r2 + ^ Vl+log^a 

Hence ^ = — y 

<^^ Vl + log^ a 

which is always positive. 

• 2. Examine the lituus for curvature. 

a dr a 2 ah 



Hence ^^2a^(4a-^0 ^^^ 
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gives r = aV2. If r < a'\/2^ -f- is positive ; if r > a-\f2y 

dr 

-^ is negative. Hence r =aV2 indicates a point of inflexion 
dr 

at which the curvature changes from concave to convex 

towards the pole. 

3. Prove that the parabola r = - — ^ — - is always concave 

^ 1 - cos ^ -^ 

to the pole. 



123. Eadins of curvature. 

From Art. 119, we have 



^^ j5~ } 



d^ 

in which x is equicrescent, and the problem is to transform 
(1) into its equivalent in terms of r and when $ is equi- 
crescent. 
Therefore (Art. 58, Ex. 7), 



. [(!)•-- 



(D'- 



•'+2'"-i-'S 



(2) 



Examples. Find the radius of curvature of : 
1. The lemniscate, r^=a^cos2^. 



dr a^sin2^ •y/a*^r^ 

d$ r r ' 



(Pr r* + a 



4 



Hence 






a* 



3r 
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2. The cardioide, r = a(l — cos ^). 

^ = asiii^ = (2ar-r«)i 
dtd 

— = a cos ^ = o — r. 



Hence p = |V2ar. 

3. The spiral of Archimedes, r = a$. 

^ 2a2 + r2 2 + ^ ' 

4. The reciprocal spiral, r = -• 

5. The lituus, r = ^ 



V5 

^ 2a« 4a*-r* ' 

6. The logarithmic spiral, r = a*. 

p = a<>(H-log*a)* 

If a = 6, p = V2e* = rV2, or the radius of curvature is 
V2 X the radius vector. 

124. Asymptotes. 

Since the asymptote is the limiting position of the tangent 
as the point of contact recedes indefinitely 
from the pole, if a polar curve has an asymp- 
tote, r must he infinite for some finite value 
of $, and for such value of $ the subtangent 

d$ I // P*»9-**- 

r^ — must be finite. 
dr 

Let a be the value of which renders r in- 
finity. To construct the asymptote make ^ 
AOP= a, draw through a perpendicular to 
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OPf and make Or= r*—!. Then TQ, parallel to OP. is the 

asymptote. For the point of contact being infinitely dis- 
tant from O; the radius vector and asymptote are parallel If 

r* — = 00, there is no asymptote. 

Examples. 1. Examine the hyperbola for asymptotes. 



P 



ecos^ 



-, whence % '^^'^^ . and r*^ ?_. 

1' m (ecostf-l)' dr esintf 



1 n 

Now r = 00 when cos ^ = - = — . Hence, if there be 

an asymptote, it is parallel to the diagonal 
of the rectangle on the axes. Again, 




sin(?=Vr^:^3i^=>^Hi, 

6 

hence r*^ = -^ = a Vi^^=^ = &. 
dr c sin ^ 

There is therefore an asymptote. To construct it, draw OP 

parallel to the diagonal on the axes [or make -40P = cos~^-), 

and make OT=:b. Then TQ, parallel to OP, is the asymp- 
tote. Since OC=s— — - = — =ae, C is the centre, and 

sm Vc* — 1 

the asymptote coincides with the diagonal. Also, as 

cos ^ = cos (—0), 

there is another asymptote below the axis, and similarly situ- 
ated. 

2. Prove that the parabola r = - — - — - has no asymptote. 

1 — cos $ 

3. Prove that the lituus r = — - has the polar axis for an 
asymptote. "^^ 
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4. Prove that the spiral ^ = ^ has an asymptote parallel to 
the polar axis at a distance a from it. 

5. Examine r" = ^ — ^S_-_ for asymptotes. 

cos^ -^ ^ 

6. Examine (r — a) sin $=^b for asymptotes. 

7. Examine the conchoid r = 6 cosec + a for asymptotes. 

dr h cos ^ Jo 

Hence the asymptote is parallel to the polar axis^ and at a 
distance from it equal to b. 

125. Tracing of polar curyes. 

Write the equation of the curve /(r, ^) = in the form 
r=f($), when possible, and assign such values to ^ as will 
render it easy to determine those of r. This will usually be 
sufficient to determine the general form of the locus. For 

maxima or minima values of r, — must change sign. The 

locus may then be examined for curvature, points of inflexion, 
and asymptotes. 

Examples. 1. r = a sin 2 ^. — ^2 a cos 2 $, 

d$ 

IP tJ^ 

r = when ^ = and increases with till = -, when — 

4' dO 

changes sign from H- to — . Hence ^ = 7 renders r = a a 

maximum. 

From ^ = ? to $ = Z ^ decreases from a to 0, and the curve 
4 2 ' 

is a loop in the first angle. 

When passes ^, r becomes negative, in- 

creasing numerically till ^ = fir, when — 

du 

changes sign from — to 4-. Hence ^ = f tt 
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renders r = — a a TniniTninn. From ^ = f «■ to tf = ir, r is still 
negative, but decreases numerically from a to 0, giving another 
loop in the fourth angle. 

When passes v, r becomes positive, and as sin 2 ^ passes 
through all its values while 6 varies from to w, equal loops 
will be traced for values of $ between v and 2 ir. 

The maximum and minimum values of r are derived from 

— = 0; namely, Jir, fir, fir, and Jm 
dO 

No value of $ renders r = oo ; hence the curve has no asymp- 
tote. 



2. r = asin3d. 

The curve is shown in the figure. 

From this example and Ex. 1 it may 

be inferred that in all equations of 

the form 

r=a sin nd, 

the curve consists of n, or of 2n, loops, 
according as n is an odd or an even 
integer. 

3. r = asin^(rig. 68). 

4. r = a(l - tan &) (Fig. 69) . 

5. r = acos2^. 

6. r = a-f-sini^. 

7. r = a + sinf ^ (Fig. 70). 

8. r = a4-tan2d. 

9. r* = o*(tan«^-l). 

Prove that there are two asymptotes 
perpendicular to the polar axis at dis- 
tances ± a from the pole. 



Fig. 68. 
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THE INTEGEAL OALOULUS. 



CHAPTER VI. 

T7PE INnsaRABLE FORMS. 

126. Integral and Integration. 

If f(x) be any function, and f\x)dx its differential, then 
f{x) is called the integral of f'(x)dx. Hence, any function w 
tJie integral of its differential. 

The process of finding the function from its differential is 
called integration. As an operation it is the inverse of differ- 
entiation, and having seen 

I. Differentiation to be the process of finding the ratio of the 
rates of change of the function and its variable, we may define 

II. Integration to be the process of finding the function when 
the ratio of its rate of change to that of its variable is given, 

127. Sjrmbol of integration. The symbol of integration is 
j , read ' the integral of.' Thus, if 

then dy = Soi!?dx, 

and (dy^y= |3aj*cte = aj^, 

d and i , as symbols of inverse operations, neutralizing each 

other. 
The test of the result of any integration is differentiation ; 

that is, J Sa^dx = a^ because d{a^) = Soc^dx, 

167 
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128L CoDstaiit of integTatum. 

It is evident that fanctions which have the same rate, and 
therefore the same differential, may differ from each other by 
any constant, but only by a constant. Thns in the function 
y ssmx + bj which for different values of b represents a series 
of parallel straight lines, the rate of y will be the same whatever 
the value of b, or dy = mdx for all values of b. Hence any 
given differential is the differential of an infinite number of 
functions which differ from each other by a constant, and if 
the differential only is known, the function cannot be deter- 
mined. Therefore 

mdx = mx -h C, 



/• 



in which is an undetermined constant. 

Otherwise : since the differential of a constant is zero, if a 
function contains any constant temij this term will not appear 
in its differential ; hence a constant G must be added to every 
integral to represent this term. 

This constant is called the constant of integration. It will 
be shown, in the application of integration to definite prob- 
lems, that it may either be eliminated or that its value may 
be determined from the conditions. 



i. The integrcU of the sum of any number of terms is the 
sum of the irUegrals of the term^. 

m 

This is an obvious consequence of the proposition (Art. 16) 
that the differential of the sum of any number of terms is the 
sum of their differentials. 

Or, formally, as I and d neutralize each other, 

r d (aj — y -h 2) = a — y + 2 -h C, 
and Idx — idy -^ j dz = x — y-\-z-{'C'y 
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hence j d{x — y-\'Z)=z I dx-^ i dy-^ idz. 

Both d and I are, therefore, distributive symbols. 

130. If the differential has a constant factor, its integral wUl 
have the same constant factor. 

For dlAf{x)^= Adlf(x)l (1) 

and JcZ[4/-(aj)] = Af(x) ; (2) 

but (2) is the integral of (1). 

Since a constant factor in the differential also appears in 
the integral, siich a factor may he written before or after the 
integral sign, at pleasure. 

Thus, d(ax) = adx, and 

I adx = al dx = aai. 

131. Type integrable forms. 

Since a function is the integral of its differential, from 
d(aaf' ) = m^xaf'^dx, we have 

I mxjuoif'^dx = aofj, 

or I aaS^~^dx = — • 

J m 

Putting m — 1 = n, we have in general. 



w-hl 



Reversing the fundamental processes of differentiation, we 
obtain thus the twenty following forms : 



1. raaj'»cto = --^aJ"+i-fC7. 
J n + 1 

2. C^==logx-\-C, 

J X 



10 
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4. C^dx = €f''\-C. 

5. I cos ocdx = sin a? -h G. 

6. j — sin xdx = cos a; -|- (7. 

7. j sec^axiaj = tanaj-|-(7. 

8. I — cosec^ ado; = cot oj + (7. 

9. j sec X tan osdx = sec a? -|- (7. 
. I — cosec X cot xdx = cosec a? + C7. 

11. I sin xdx = vers a? + (7. 

12. I — cos xdx = covers a + (7. 

13. r_^_=sin-^a? + C. 
-^ Vl-ar^ 

14. f -^g— = cos-^a; + (7. 

15. f^?_ = tan-iaj+0. 

16. f^-J^^oot-'x + a 

17. r — ^-— =rsec-^aj + a 
'^ a? Var^ — 1 

18. I = cosec"^ x-\-0. 

^ X^7? — 1 
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19. f ^ =vers-^a;4-a 

20. f ^^ = covers-^ g; -4- g 

132. Bemarkfl on the type fomu. 

The processes of the Integral Calculus consist chiefly in the 
reduction of differentials to the above forms. When this 
reduction has been effected, the integral is seen at once by 
inspection. This being the case, it is evidently indispensable 
that the student should be thoroughly familiar with the type 
forms, so as to be able to recognize them at sight. The fol- 
lowing suggestions will facilitate their recognition and appli- 
cation. 

Form 1. Whenever a differential can he resolved into three 
factors, viz. : a constant factor, a variable factor with any constant 
expoTiefiit eoscept — 1, and a differential factor which is the differ- 
ential of the variable factor without its exponent, then its integral 
is the product of the constant factor into the variable factor with 
its eocponent increased by 1, divided by the new exponent. 

For Ca-x'^'dx^ -?L_a.»+i 4- a 

J w + l 

Form 2. When the exponent of the variable factor is — 1, 
the differential falls under the second form 



/ 



dx 

— = logaj-t-C, 



in which the numerator is the differential of the denominator. 
Hence, whenever the numerator of a fraction is the differential 
of its denominator, the integral of the fraction is the Naperian 
logarithm of its denominator. 

Forms 3 and 4. These forms are 

a* • log adx = a* + (7, 



/' 



>: 
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and jV-da?=s^ + C, 

in which ihe differential faOor mtut be the logarUkm of the base 
into the differential of the exponent. 

Forms 5-12. In each of these fonns the differential factor 
dx must be the differential of the arc. 

FoBMS 13-20. The conditions to which the differential must 
conform should in each case be carefully noted. Thus, from 

we see that the first term of the denominator must be 1, and 
the numerator the differential of the square root of the second 
term of the denominator. 

Examples. 1. I 6aj^cZa?= | 5« aj^-cte = ^aj^ + C7. (Form 1.) 

2. Cmx-'^dx=:j^!!^x^-^ + a 
J 1 — m 

6. Cfaaf-^+Vi\dx = ^a?-^ + ^xi+a (Art. 129.) 

7. Cb(a+bx)*dx=: C{a+bxy • bdx=i(a+bxy+C. (Form 1.) 
g r_3^^s,r(4 4.aJ)-i3as«da! = 2(4 + a!»)*+C. 

9. rTO(3aa!» + 69!«)*(6ax + 26a!«)(to = fm(3aa!'+6a!')*+C. 
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(0 10. J|^ = log (a:» + l)+ a (Form 2.) 



In logaritlmiic integrals it is customary to write the 
constant of integration C= log a Hence 

log(a? + l)+C=log(a? + l) + logc = log[c(a? + l)]. 



K^] ll-/^ = log[c(.±a)]. 

13. r|_i±^d.=ir_i±M_d. 

J 22 + Zx + t^ 2J 2 + 3x + a? 

= log[c(2 + 3a! + a!«)*]. 






/^ 14 i "^ . dx = log [c(x + sin x) 1. 
J x + smx &L v -1- jj 



dx 






\ 



^1^=J i3^=log(loga:) + logc = log[clogaj]. 

16. flOlog^aj — = flog*a? + (7. (Form 1.) 

17. fmlog*a?^ = ~?^log*+'a? + (7. 
•/ aj w + 1 

18. Ca^dx = fe- • oda? = e- + C (Form 4.) 

19. jS log aa'^a^dx = fa** • log a 3 aj^dla? = a' + 0. (Form 3. ) 

20. j e'^*co8ajdaj = e^"'-h(7. 



1 1^ ^ 7^ 21. j sina?cosicdaj = ^sin*a;-|-C (Form 1.) 

22. I —2sm2xdx= I — sin 2aj • 2cto = cos 2a? +C7. 
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. y 23. I 4 sin* 05 cos a5(ia? = sin* oj+C 

*^ 

24. I 4sec*ajtana?(iaj= I 4«sec'aj-secajtana?(ia? = sec*aj + C 
^ ) 25. j ^tan*a?sec'a?daj = -ji,ytan*aj-f-C7. 

26. j 6 tanaj" sec* aj'-a^dajs: j 2'tanaj'sec*a'«3aj^(iaj 

!c,j 27. r^^ =sin-^a^+a 

28. I — = I 2 • sm *a?' — =(sm^a;)^+(7. 

(Form 1.) 

29. r 5rfai ^ p 5«to = vers-' 5 a, .4- C. 
'^ V10a!-25iB* '^ V2(6a!)-(6a!)« 

31. re<^e-daj = e^+C. 



2H ,\ I 3< v' 



!AR7 TRANSFORBSATIONS. 



No general method exists for the reduction of differentials 
to type forms. Much therefore depends upon the ingenuity 
and insight of the student. In addition to the specific trans- 
formations applicable to certain differentials of definite forms, 
given in the next chapter, the following elementary transf orma- 
tions should constantly be borne in mind. 

133. By fhe introduotion of a constant factor. When the 
differential is under a type form so far as the variable is con- 
cerned, it may frequently be reduced exactly to such form by 
multiplying and dividing by a constant factor. This reduction 
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depends upon the fact tliat a constant factor may be written 
before or after the integral sign. 

Illustrations. Form 1. j (3aa^+ 2xy • (Sax + l)dx. 

Were the differential factor {6ax + 2)dx, it would be the 
exact differential of the variable factor without its exponent. 
Hence, multiplying and dividing by 2, 

C(S aoi? + 2x)\Z oaj + l)daj = I C{SaQi? + 2a;)8(6aaj + 2)da; 

When the proper factor is not readily seen by inspection, 
we may determine it as follows. Suppose the differential to 
be (2aj* + iB'^)*(faj* + 2aJ*)cto, and -4 = required constant fac- 
tor. Then A must satisfy the condition 

or (3a?*-f 5aJ*)daj = (f^aj* + 2.4iK*)cto; 

and as this condition must be fulfilled for all values of x, the 
coefficients of like powers in the two members must be equal, 
or ^-4 = 3, 2-4 = 5, from either of which we find -4 = f. In- 
troducing this factor, 

I r(2a?* + iB')*(3a* + 5aJ*)daj == ^(2aj* + a")* +C. 

Again, suppose the given differential to be 
(2aj» + 7aj)*(5aj« + 3)daj. 

Then we must have 

d(2aj» + 7a?) = (6ic« -f- 7)da? = (5^1aj« + 3^)cZaj; 

whence 6 = 5-4, and 7 = 3-4, or -4 = f, -4= J. As these 
values are not the same, there is no constant factor, and the 
integration cannot be effected by Form 1. 
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Form 2. Cl±Mdx. 



Were the numerator 6 + 4a^^ it would be the exact differen- 
tial of the denominator. Hence, introducing the factor 2, 

= log[c(6a;+a^)*]. 

If the constant factor is not readily seen, it may be deter- 
mined from the condition that the numerator must be the 
exact differential of the denominator. 

Forms 3 and 4 The constant is determined from the con- 
dition that the differential factor must be the product of the 
logarithm of the base into the differential of the exponent. 
Thus, to integrate a^dx, the factor to be introduced is 2 log a, 
and 

/a^dx = —- I a**' loga2daj = -T a^+C. 
2logaJ 21oga 

FoBMS 5 TO 12. The required constant is readily seen from 
the fact that the differential factor is the differential of the 
arc. Thus 

I cos 2xdx = ^ I cos 2x • 2dx = ^ sin 2^; + O. 

Forms 13 to 20. In the case of the circular differentials 
the constant must be determined separately for each form. 

For example, liaving given | - . we observe that so far 

as the variable is concerned it has the type form I — « 

*/ Vl— a?^ 
To transform it, we mufet make the first term under the radi- 
cal 1, and the numerator the exact differential of the square 
root of the second term under the radical. We proceed, there- 
fore, as follows : 
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1 6 

/i3'\ c ^ = r " = - r ° 

\ o' \ o» 



a 



(14') r ^ =lcos-^Ja:4-0. 



1. ^ 



^^^'^ Ja« + 6>aj«"aJ i . ^a^^odJ^T^ 



_^^^ ^•^l + :iaj« 
or or 

= -tan-i-a?+(7. 
a& a 



J a^-\-b^3r ab a 

b 



= - see"* - oj + (7. 
a a 



(18') r , ^ = - cosec-^ -x-^a 



1 6 

-daj -, _ -da 



\/ — a? — «ar \/ — x s 



or 

= - vers"* - aj + (7. 
b a 



dx 1 ,6 



= T covers-* -x + O. 
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These ei^t foims are kncywn as the snbcndmate, or aiudliaiy, 
diciilar forms. It is better to transform each special case 
directly; thus 

/ * Adx ^4 r dx ^4V3 rVjdx 
3 + 5aJ* SJl + iaJ* SVsJl + ia? 

==-£_ tan-* V{« + <7. 

If the sabordinate forms are memorized, or at hand for refer- 
ence, we have 

4dx __ dx 
whence, by comparison with (15'), 

and hence 



1. J|(a^+l)»«y«=| iJ(a!'+l)*5aAte=^(a^+l)*+C. 

2. J(l+^.)*d. = J-(l + i<«.)» + a 

4. rV2«*-3aj« + l(a^-fa?)daJ = iV(2**-3ar»+l)*-f-a 

5. Which of the following can be integrated by introducing 
a constant factor ? 

(5aj* -f- 3aj» + a* -f- 5)*(2 aj8 + ^05* + iaj)daj. 

(3aj«-2aj)*(3a?-l)daj. 

(1-aj-f-a^)* (4a;-3a?»)2 
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= log[c(aaj8-6a*)*]. 

' J a — ba^ , r^x A 

(a — oar) 86 



10. f-ji^^^ = log 
•/ a 4" ft cos X 



+ 2>cosaj / . r \r 

(a + 6cosaj)» 

11. Which of the following can be integrated by the intro- 
duction of a constant factor ? 

hdx 1 — Va^ af*' ^da? 4 a; — SVx ^ 



8 — 6ar* « — 7a;* af-f-1 a;a--a;* 

12. fa^cto = -— ^^ — a- + C. 
•/ a log a 

13. ra*»a;2^==-_i_af«»+0. 
*/ 3 log a 

14. j m^*dx = f me'* + G. 

15. |V" sinaxic = - e«»" + G. 

16. J c 2cos|cto = 2c «+a 



1 + ar 



18. Which of the following can be integrated by introducing 
a constant factor? 

e"aloga~- e* ncto. e"(ia;. 



20 



21 



22 
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19. I C08*«8ina«Ja5 = — ^C0B*«+0. 
I sina^ • a^cte = — ^cos 0^ +(7. 

^ 23. f— -^=— = l8in-i|a;+C. 

24. r ^ =JLco8-^g+a 

J 5 + 70^ V35 ^ 

28. f — ?^^_ = -?-sec-iV|« + a 

29. f ^ ^ =vers-^g-l-a 
•^ V2aaj — aj* « 

134. By fhe transference of a variable factor. Although a 
variable factor cannot be taken out from under the integral 
sign, it may be transferred from one factor of the differential 
expression to another, or introduced into both terms of a frac- 
tion. 

Illustration. 

J f (oaj" + ixf^)^{5a + 7a^)dx = iC{a^ + af)^(5aa^+7afi)dx 
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Examples. 

2. f— ^ r_jr^ 5— + C. 

'■/■ 

'."*-r*^- i-+ir ^ ' 

■hC. 



6 f ^^ ^ / * da; 1 /* ^a^ 

^ fly 

1 . ,a 
= sin~*- 



sin-^-+C. 
a X 






135. By expansion. When the exponents of the factors of 
the differential are positive integers, the indicated operations 
may be performed, and the resulting monomial terms inte- 
grated separately. Care should be taken not to expand un- 
necessarily; thus, 

j{i-xydx^-\{i^xy + c. 

Examples. 

1. J(l + x2)(l^ic)(fo; = a:-| + |-^ + C. 
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6. J(o - a^)»a!J(to = 2|!a,l _ §^0,5 +||a:" - ^a;^ + (7. 

136. By division. Expansion by division will often lead to 
integi-ation, as may be seen by the following 

Examples. 

> 2. ff^dx = ^a^ - ^ir» + log(l +x')+C. 

3. C^^±ldx = ia^ + x+\og(x-iy+C. 

4. r(^ + ^)' da. = 91oga? 4- 12V^ -h a; + C. 

137. By separation into partial fractions having a common 
denominator. 

Since f(^^m.^ = f(fi^ax+^,dx, 

F{x) F{x) F{x) ' 

a fraction may be separated into partial fractions having a 
common denominator, and thus integrated, if the partial frac- 
tions are integrable. 



ELEMENTARY TRANSFORMATIONS. 183 

Examples. 

= a tan-* x -h log(l -|- a^f + C. 



bxdx^ 



2- r\/j-^^= r l±f- da; = sin-*a?-(l-a^)^+C 






-2^-«(^ 



4 r —gcto _ /'o^ 

•^ -y/ax — ix? J 2yJax — Qi? 

/' g — 2a? ^_tt / * da? 



= (oa? - a;»)* - ^ vers-* ?« + p. 



J 0^+4 a; 4J a!« + 4a! 4J a!*+4a! 4J 



* + *(te 



a;^-|-4aj 4./ a;*-|-4a; 4*/ aj^-|-4a? 4J aj^+4a; 

4Jaj + 4 4J X L\'»' + V J 



CHAPTER VII. 

GENERAL METHODS OF REDUCTION. 
BY PARTIAL FRACTIONS. 

138. Bational Fraotions. Every fraction of the form 

ggg* -h 63?**"^ -h '*'lx + k 
a'ar -h 6'af -* + . . . Z'a; + h*' 

in which m and n are positive integers, is called a rational 
fraction. 

It is evident that every such fraction can be reduced by 
division to a series of monomial terms plus a rational fraction 
whose numerator is of a lower degree than its denominator. 
Thus, 



0^ — JB + I «^ — a? + l 

As the monomial terms can be integrated, we are concerned 
only with rational fractions whose numerators are of a lower 
degree than their denominators, and we are to show, — 

1**. That every such fraction can be resolved into partial 
fractions whose denominators are factors of the denominator 
of the given fraction, and 

2®. That these partial fractions can always be integrated. 
There will be four cases, according as the factors of the. de- 
nominator of the given fraction are 

1. real and unequal, 3. imaginary and unequal, 

2. real and equal, 4. imaginary and equal. 

184 
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139. Case 1. The factors real and unequal. 

f(x\ 
1°. Let ±i—L be the fraction, <f>{x) being resolvable into n 

4>(x) 
real and unequal factors as — a, x — h, •• • a; — w. Then, j;o every 

factor a; — a, a? — 6, ••• a; — n, there corresponds a partial fraction 

A B N 



> Ti > 

» — a 05 — » — n 



jy 



in which A, B, "' N are constants, or 

<^(aj) aj — a aj— 6 a? — n 

It is required that this equation shall be an identical one, 
true for all values of x. Beducing the second member to a 
common denominator, this denominator will be, by hypothesis, 
<^(aj), and the sum of the numerators will be equal to f(x). 
This sum will be a polynomial of the (n — l)th degree, and 
since the equation formed by placing it equal to f{x) must be 
true for all values of a?, the coefficients of like powers of x must 
be separately equal. We shall therefore have n equations of 
condition from which to find the values of the n constants 
Af By'»'N. Hence the resolution can always be effected. 

2®. The integration of •^^ ( dx is thus made to depend upon 

that of a series of fractions of the same form, namely • 

/Adx . ^""^ 
= A log (x — a). Hence the integration is always 
X — a 

possible. 
Examples. 

1. ^^^ + ^ da?=5a?-H5-h f^^~^^ by division. 
The factors of «^ — 3 aj -|- 2 are a? — 1 and a? — 2 ; hence 

35a;-29 ^ A B ^ ^(a;-2)-h J3(a;- 1) 

aj»_3a?-|-2 a;-l a;-2 a:*-3a;-h2 ' 
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whence 35x - 29 = A(x - 2) -|- B{x - 1) 

= {A-\'B)x^2A-^B, 

Equating the coeflB.cients of like powers, 

35 = ^-|-J5, 29 = 2^ + 5; 

therefore A = — 6, 5 = 41, and 



/ia*i3-=/^--/---/a-/:-y 



da 
2 
=faj«-|-15a;-61og(a;-l)+411og(aj-2)+C 

2. 4^Il45-±ida;. The roots of iB8-7aj« + 36 = are 6, 
3, and — 2. 

Hence 2a^-3a: + 5 ^ ^ 5 C 

aj8- 73:^-1-36 aj-6aj-3a;-|-2' 

and 2a^ - 3 aj + 5 = ul(aj - 3) (a; + 2) + J5(aj - 6) (a + 2) 

+ (7(a;-6)(«-3). 

Instead of proceeding as in Ex. 1, the values of the con- 
stants are readily found by assuming some value for x, since 
the equation is to be true for all values of x. Thus, making x 
equal to — 2, 3, and 6, in succession, we find C = ^, J5 = — |f , 
^ = ff, and 

P^-3a:-f5 ^ ^ loJ,i^-e)ii(x + 2)ih 
Jx^-7a?-hS6 \ (x-3)« J 

3. r§^^-=iogji^c. 

^- f4^^^=-^<'Slc(x-^iy{x + 2)^. 

J 7j -YX — L 

5. /|5i^...,o,(|^)«.C. 
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10. r^^^ dx = log [c(aj + !)(»- l)aj] = log [c(a^ - x)\ 
•^ ^"^ (Form 2.) 

140. Case 2. T^e factors real and equal. 

f(x) 
1°. Let -^^ ^ be the fraction, <^(ic) being resolvable into n 

kI>(x) 
real and equal factors as — a, a? — a, •••. Then, to such set of 
n equal factors there corresponds a set of n partial fractions, 

— -, — -, , in which A, B, -" N are con- 

{x-ay {x-ay-^ •c-a ' ' 

. . fix) A . B ^ N 
stants, or --^-^ = — -f — - + 

<^(aj) {x — aY {x — aY^ x — a 

Reducing the second number to a common denominator, 
this denominator will be equal to <^(a;), and the sum of the 
numerators will be a polynomial of the (n — l)th degree equal 
to/(a;). The latter equation is to be an identical one true for 
all values of x ; hence, equating separately the coefficients of 
the like powers of », we have n equations of condition from 
which to find the values of the n constants A, B,-- N. The 
resolution is, therefore, always possible. 

When the factors of 4>{x) are not all equal, the two cases 
can be combined. Thus 



fix) ^ A B C 

ix - 2y{x - 3)2(aj -►4) (» - 2)3 (a; - 2)2 a; - 2 



ix-Sy a? -3 aj-4 
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2^ The integration of -^^^( da? is thus made to depend upon 

<t>{x) 

that of a series of fractions of the form — If w = 1, 

{x-ay ' 

= ^log (x — a). If n is other than 1, 

x — a 

C_A^ ^.aCcx- a) -^dx = -A_ tx - a)l-^ 
J (x-ay J ^ ' l-w^ ' 

Hence the integration is always possible. 

a — 1 
Examples. 1. ir-^dx. 

Placing 

g-l ^ A B ^ ^ + J3(a;-fl) 

{x^-iy (a? + l)* aj + 1 (aj + l)2 ' 

and equating the numerators, we have » — l = ^-|-J5aj-|-5. 
Placing the coefficients of like powers equal, we obtain JB = 1, 
A = — 2] whence 

/a? — 1 , r — 2da; , T ^« * 2 , , / . ix . /^ 
/ . i\2 ^^= I / viN2 "*" I — ^T = ~~^T + ^^s(^+^)+^• 
• (a:_l)8(x + 2)(aj + l)* 

This is a combination of Cases 1 and 2, three only of the 
factors being equal. Hence we assume 

aj*-h5 _ A B C 



(a;-l)8(» + 2)(aj + l) («-l)' (»~1)' «-l 



+-^+ ^ 



aj -h 2 a: + 1' 

whence, reducing to a common denominator, and equating the 
numerators, 

aJ* + 5 = ^(a: + 2)(aj-|-l) + J5(a:-l)(^ + 2)(a: + l) 

-^C{x-iy(x + 2){x-hi) 

+ D(x-- iy{x + 1) -I- ^(a; - iy{x + 2), (1) 
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^(C + D -\- E)a^ + {B + C - 2D -- E)a^ 

+ (3^-JB- C'\-2D + 5E)x 

+ 2^-25 + 2C-2>-2JE7. (2) 

In (1), make a? = — 1, a? = — 2, a; = 1, in succession, and we 
have directly JE7 = — |, D = ^, A=zl, Equating the coeffi- 
cients of a?* in (2), C+ D'\-E = l, whence, having D and E, 
G = If. Equating also the absolute terms, 

5 = 2^-2JB + 2C-2>-2^, 
whence J5 = — ^. Therefore 

/ (od^ -^^ 5)dx ^ r dx 1 r dx 35 f dx 

(a?-l)8(aj+2)(a?-|-l) J («-!)' 6 J («-!)« ■*"36J «-! 
7/ "da? 3/ "da? ^ 1 1 1 



7 / ^ da? 3 /• 

9Jaj + 2 4Ja 



a. + l 2(a;-l)2 6a;-l 
+ Mlog(a?-l)+ilog(« + 2)-|log(a? + l)4.C7. 

^^■"^daj = §--^ + log(a?-3)3-ha 



3 f-^ 
' J (a.-_3)2 a.-3 

*• J (a?-l)>-2) a?-l^^ "^^a^-l^^- 

5 f (2a;-5)da? ^ Z_+ iLlog^±i + C 

' J aj8 + 5aj* + 7aj-|-3 2(a? + l)^^ ^aj + 3 ' 

^- J (a?-2)«(a?+3)«"""25(i::2"'"^+3)'^^^''^|32+^- 
J (aj-l)«(a?-|-l) 4Va;-l (x-iyj^*^x+l ^^' 



8. I 3a^-lda?=^-^^ 



c/ (a? — 



3)3 (a? -3)* 



141. When the factors of ift(x) are imaginary, the above 
processes will lead to the logarithms of imaginary quantities. 
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To avoid such we lesolye 4^(x) into quadratic, instead of sim- 
^Bj factors, as follows : 

The general form of an imaginary quantity being a+6V— 1, 
that of an imaginary factor will beas — (a-|-6V— 1). But for 
every such factor there must be another, cc — (a— ftV— 1), 
since <f>{x) is real. Therefore, for every pair of imaginary 
factors, <^(«) will have a quadratic factor of the form 

[aj _ (a -h 6 V^) ] [a - (a - 6 V^)]= (a - a)^ -|- &». 

Cass 3. The factors imaginary and unequal. 

f(x) 
1**. Let '^\ "^ be the fraction, <l>{x) being resolvable into p 

unequal quadratic factors {x — ay-^-b^, (x — cy + d^, etc. 
Then, to every such quadratic factor there corresponds a par- 
tial fraction -; ,, ^ . ^t_ etc., in which A, B. 

O, Z>, etc., are constants, or 

C-hDx M-^-Nx 



4>{x) {x-'ay-k-W {x^cy 



-l-d^ {x--my-\-n' 



For, in reducing the second member to the common denomi- 
nator <^(fl5), any numerator, as A-\-Bx, will be multiplied by 
p — 1 factors of the form (x — ay-^b^, and the sum of the 
numerators [=/(«?)] will therefore be a polynomial of the 
[2(|> — 1) + l]th degree. We shall therefore have 

2(i>-l)-h2 = 2p 

equations of condition from which to find the values of the 
2p constants A, B, "* Ny and the resolution is always possible. 

2®. The integration of '^^ \ dx is thus made to depend upon 

<t>{x) 

that of a series of fractions of the form 

(A + Bx)dx _ (A + Ba)dx J3(a; — a)(fg? 
(a- _ a)2 -f. ft« ■" (« - a)2 + 62 (a; - a) 2 ^- 62* 
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But CiA±^^^ ^ ^±^tan-^ ^=1^ [Art. 133 (IS^)], 

Hence the integration is always possible. 

Examples. 1. I ^"^)^^ 

or — 4aj-|-o 

The factors of oj* — 4aj + 5 are «--(2± V— 1), and their 
product is {x — 2)^+1, or a = 2, 6=1 in the form {x — a)*-|- 6*. 

Assuming „ ^7 . k = 7 ^VTT^' ^® ^^^® ^= ^^' ^=^' 

ar — 4aj-|-o (a; ■- 2)^ + 1 

Hence 

/'(x — 4:)dx A + Ba. _iX — a,Bi r/ \2 i »v2t 

ar — 4aj-f 5 6 6 2 

= - 2 tan-i(aj - 2) + ^log [(a; - 2)* + 1] -h C. 

(aj-l)2(aj2 + 2) 
Assume .^±^±^±1. = __^L_ + _^ ^ C^^, 

whence ^ = f, B = ^, 0=^, 2) = — ^, and 

J (^x - ly {a^ -{- 2) 3J (aj-l)^"'" 9 Jaj-1 

5 r dx 1 f_xd^ 

9Ja^ + 2 9Ja^ + 2 

3aj-1^9 ^^ ^ 

-^_A^tan-i^-:llog(aj« + 2) + C 
9V2 V2 1^ 

o a^dx Adx . Bdx (C+Dx)dx 

' (a; + l)(a?-l)(a^ + 2)""aj + l a;-l"*" a? + 2 
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Then 

aj* = .4(aj - 1) (aj* + 2) + 5(aj + 1) (aj» + 2) 

+ ((7+2>aj)(a? + l)(a:-l) (1) 

^(A + B + D)a^ + {B--A'\-C)a? 

+ {2A + 2B-D)x^2B-2A''C. (2) 

From (1), when a? = 1, a; = — 1, in succession, we have 
B^i, A^-i. 

From (2), J5-^ + = l, or C = J; and ^ + J5 + D = 0, 
or 2> = 0. 

Therefore 

r ^ __i r dx 1 r dx 2 r x 

J (a; + l)(a?-l)(a' + 2) eJ x + ldJ x-lsJ 0^-^-2 



'fj^ 



^ x + 1 3 V2 

*" =tlog(a!-l)-ilog(a^ + 2) 



(a; -1X0^ + 2) 



tan-> -^ + a 



3v^ V2 

-H|tan-^a?+0. 

142. Case 4. The fa/ctors imaginary and equal. 

f(x\ 
• 1**. Let ^(aj) be the fraction, ±±-L being resolvable into p 

<t>{x) 
equal quadratic factors (x — a)^+ b^, {x — a)^+ 6^, etc. Then, 
to such set of factors there corresponds a set of p partial 
fractions, 

A + Bx C-\-Dx • M+Nx 

[(a; _ ay + b^y [(aJ - a)^ + ft^p-i' *" (a; - a)* + 6*' 

in which A, B, --• N are constants, or 

/(a?) ^ A-\-Bx C-\-Dx M-\-Nx 



REDUCTION BY PARTIAL FI^ACTIONS. 198 

Reducing the second member to the common denominator 
^(a), the sum of the numerators [=/(«)] will be a poly- 
nomial of the [2(|> — 1) -h l]th, or (2p — l)th, degree. This 
equation will therefore furnish 2p equations of condition, from 
which the values of the 2p constants can always be determined. 
The resolution is, therefore, always possible. 

2**. The integration of ^^^dx is thus made to depend upon 

<t>{x) 

that of the general form —^ — "^^„ ^ ,^ , in which p is integrcd. 

[{x — ay + vy 

If p = 1, the integration has been shown to be possible in 
Art. 141. If p is other than 1, place X'-a = z, whence 
x=:z + ay dx = dz. 
Then 



/i 



(A -h Bx)dx 



/ (A^Bz + Ba)dz _ r Bzdz r (A'\-Ba)dz 

"" ■" 2(i> - 1) (2* -h b'y-' ■'■ ^^■'■^U Jf+vy' 

and it will be shown in Art. 147, that the integration of 
— — is always possible when p is integral. 

Examples. 

J (0^ + 2)2 J {a?-\-2y "^J a^ + 2 ' 

whence a5» + aj*+2 = ^-|-JBaj-|- (C-^-Dx) {a? -\- 2), from which 
wefindu4 = 0, JB=-2, C=2> = 1. Hence 



/ (a? + a^-^2)dx _ r--2xdx C dx C axfa 
(aj2 + 2)« J (a^-|-2)«"*"Ja^ + 2 Jaj« + 



2 



1 f-Ltan-^-^-|-ilog(aj2+2)+C. 



a^+2 V2 V2 
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' J (aj« + l)2(aj-2) (aj^-hl)' x'+l a?-2' 

whence ^ = — 4, JB = 0, 0=2, D = 0, E=l, and we have 

/ — 4da; r 2dx r dx 
(a^ + l)' JaJ^-l-l Ja-2 

• =2tan-^a.-hlog(a.-2)-4j^-^^. 
J{x + l)(x^^l) ^(a:2 + i)i ^ 



J (x^ + 



4. r.^':jro^z. d^= ^. :. ^. + 



(a^ + 2)2(3^ + 3)2 2(0^ + 2) a^ + 'S 

+ ij^ log(a;2^2) -91og(aj2+3) + C, 

BY RATIONALIZATION. 

Since rational algebraic polynomials and rational fractions 
can always be integrated, an irrational differential may be inte- 
grated if it can be rationalized. The rationalization is effected 
by substituting for the variable of the given differential a new 
variable of which it is a function. Of these substitutions the 
following are the most important : 

143. When the only function of x affected with fractional 
exponents is a linear one, in which case it will be either of the 

form aj* or {ax-\- by, assume a? = «" or aa: -f 6 = j?", n being the 
least common multiple of the denominators of the fractional 
exponents. For, if aj=2'* or ax+h = «**, the values of x, oas-f-ft, 
dx, and the surds of the given differential will be rational 
functions of z. 



Examples. 1. I : — dx. 



■f 



xi 



Here w = 12, and x = z^\ 

Hence x^ = s^, x* = z\ x^ = z^, dx= 12 z^^dz; 
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•^ iK^ — ilji 



2. r^-=]^^aj=i(i«^'-A^^*)+^- 



J 3-x Jn-(2-aj)' 



Assume 2 — a? = 2^. 

Then, (2 — «)* = 2, dx= — 2zdZy 

= — 2(is4-cot-'2)+C 

= - 2(eot-' vT^^ + y/'2-x)+C. 

^ (2r-y)* 

6. r 



diC 



^ (a; + l)^-(aj + l)* 

= 3[(a: + l)i -h 2(a:H-l)i+21og((aj+l)*-l)] 4-a 

7. Ja^(l4-a^)*c^a: = 2(l4-aJ)J[Kl + ^)'-Kl + ^) + i] + ^• 
144. When the only surd of the given differential is of the 
form Va+"6S^^, rationalization is effected as follows : 



I. When the sign of ^ is positive, place Va -f 6a5 + a^ = 2 — «. 
Then a + bx^z^ '-2zx] 

, z'-a , 2(z'-\-bz^a)dz 

whence x = - —- , ax= > /, . o \2 — ' 

b-\-2z {b-{-2zy 
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and Vo-i-6g-hg' = g~g = ^"^^;^^ ' 

b-\-2z 

The given differential will then be a rational function of z, 
since x, dx, and Va -i-bx-^-a? are rational functions of z. 

II. When the sign of a? is negative, place 



Va + 6a? — «* = V(a5 — a) ()8 — «) = (a; — a)2, 
in which a and fi are the roots of aj* — 605 — a = 0. 
Then j8 — a; = (aj — 0)2*; 

aZ^-\-P ^ 2{a- P)zdz 

whence 0?=-^^^^, dx = -^^^-^^, 

and Va-i-to-a;' = (a?-a)2= ^^"""^K 

The given differential will then be a rational function of 2, 
since x, dx, and Va + fta? — «* are rational functions of 2. 

da; 



Examples. 1 



-^ VIT 



a5 + «* 



Assume VT-Hb-J-? = 2; — «• 

2«-l 



Then a; = 



1+22' 



whence da: = ^(^-t^i:^, 

(l-h22;)2 

VI + «-+-«* = 2 -aJ = ^^^*^'^^- 

1+22 

Hence f ^ "^ = Tt^^ = log (1 + 22) + C 
J Vl + a; + a;« -^ H-22 ^^_J_^ 

= log(l 4- 2a; + 2V1 H-aj + ««) 4- C. 

2. r _gg = log(2Va;^-a;-l + 2r»;-1)^-<7. 

*^ Va^ — a; — 1 



H-V2a;-|-ar^ 
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4. C~ —^ = r^==log(l+a;)H-a 

Or, by the above method, 

f ^^ =log(lH-a?H-Vl-h2a?-f a^'^+C^ 

-^ Vl-h2aj-|-a^ 

= log2(H-a;) + C". 
Prove that C = - log 2. 






•\/a^-{-x 
dx 



V2 + a? - iB^ 
The roots of aj^ — a; — 2 = are 2 and — 1. 
Hence ar^ - a? - 2 = (a; - 2) (a; + 1) , 



and V2-ha-«' = V(a;H-l)(2-aj) = (a? + l)2;. 

Squaring, we find x = -^ — - ; whence 

2r -f" 1 

Hence f ^ = f — ^ = 2 cot-'« + C 

= 2cot-\/2n^ + 0. 
•' 'aj + l 



7. r «^ =2cot-'Jj^+G. 
J V2-«-ar' \a! + 2 

t 

-' V4a!-3-a!» ^x-3 



9. f <^ ^2cot-'\/^^^^lJ^+g. 

J V2-2aj-a:» V3 + l+» 
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145. Binomial Differentials. Every binomial difEerential 
may be reduced to the form 

af (a -I- ba^ydXy 

in which p may be any fraction, but m and n are integral and 
n positive. 

For, let 0^(005* -f- bafydx be the binomial, and let k<t. 

Then 

ic*(aaj* H- bafydx = x^af^fa -f b^'dx = x^^a + bx^-^yOx; 

in which t-^k may be fractional, but is positive, and h-{-pkis 
fractional or integral, positive or negative. That is, the bino- 
mial is of the form 

x *'(a -I- bx -^'cto. 

Put » = 2% and this becomes 

2±^(a + bz^^ydf^-^dz = dfz^'^^^-^a -|- 62+*')''d2;, 

in v^hich ± cf-i- d/— 1 and de are integral, and the latter posi- 
tive. 

Hence writing m for the former and n for the latter, we 
have d^(a -|- bz*ydZy which is of the required form. As p 

may be fractional, represent it by -. 

We are now to show that a binomial differential of the form 

r 

Qfia-^- bx'^ydx, in which m and n are integral and n positive, 
may be rationalized, and therefore integrated : 

I. When ^"^ is a whole number or zero, by assuming 

II. WTien 'HHljL — \-- is a whole number or zero, by assuming 

n s 

a + bsf'^i z^oiS^, 

To prove that the rationalization is effected when the above 
conditions are satisfied : 
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I. Let a-f &«" = 2'. 



and (a + &af)* = 2r. 
Hence 



no \ & / 
which is rational when — ^^^ is a whole number 



or zero. 
n 



11. Let a + &af = «*af». 

and (a + ftaj**)* = sTaj* = W— 2_^ V- 

Hence af (a + ba^ydx 

\3f-h) [z'-bj n\z'^bj {z-^by 

which is rational when ^?^-i — |- - is a whole number or zero. 
When - is a positive integer, the factor (a + 6af*)* may be ex- 

8 * 

panded and integrated directly. 



Examples. 1 



m + l_ 






Here ^^^^^I^ = 2. 
n 
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Assume therefore 

a-\-bsi? = s?'y whence (a + ba?)^ =i 7?, 

V / 6*(2*-o)* 

Hence C_^^^__ _ Cf ^ - « M z(to 1 

1 2a + ba^ . ^ 

Here r^Ltl^L^^i, 
n 8 

Assume therefore 

a -h 6a^ = 2 V ; whence au* = — ^^ — , 

2* — 6 



a^zdz 



Hence 






r a^dx ^ _ r a a^zdz ^ f ^ - & \| 1 

J a2* 32;^ 3 (a+6a^)* 



8-.iB2)i a Va2-a;2^^ 
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dx 



1 a-\'2h7? ^ri 
= o ; -r ^« 



^- f- 3 2 1 

8. raj8(l-|-2ar*)^da; = (l-h2ar^)4^-^^H-C. 



146. Let tt and v be any functions of x. Then 

Transposing and integrating, 

I udv = wy — j vdu. 

This formula is known as the formula for integration by 
parts. It evidently makes the integration of udv to depend 
upon that of vdu. To apply it, the given differential must be 
resolved into factors u and dv such that dv and vdu shall be 
integrable. The following are the most important applications 
of this formula. 

147. Binomial differentials. FormnlsB of reduction. 

It has been shown that every binomial differential may be 
reduced to the form af{a'^ baf'ydx, in which p is any fraction, 
but m and n are integral and n positive. 

I. Let w = af-~+^ dv =r (a + bx^^yx^'-^dx. 

Then d?4 = (m-n-|-l)a;"-Ma;, ^ ^ (« + baf')'^\ 

Substituting these in I udv = wv — j vduy 

J ^ ^ n6(p + l) 

_ m--n-j-l r^-«/^ ^ bary^'dx. 
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But 

= a Tof -" (a H- bx'^ydx + 6 ra^(a -f bafyOx, 
Hence 

or, solving for laf*{a + bafydx, 

far{a + ba!rydx 

of -»+i(a -h &aj")'+^ — a(m — w -h 1) Car-''{a + 6af')'cto 
"^ 6(np4-wH-l) '^ ^ 

a formula which makes the integration of the given binomial 
to depend upon that of another in which the exponent of the 
variable without the parenthesis is diminished by that of the 
variable within. 

Illustration, j — ^ = j a^(l — a^)~^dx. We apply 

{A) to this differential because its integration would thereby 
be made to depend upon that of «(! — a^)~^dx, which comes 
under Form 1. Substituting therefore in (-4) m = 3, n = 2, 
p = — ^, a = 1, 6 = — 1, we have 

J aj»(l - aj«)-*daj = -j^ 
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If np -h m -f 1 = 0, the formula fails ; but in this case 

m-fl 



n 



-l-l> = 0, 



and the differential may be rationalized and integrated by 
Art. 145. 

II. Car{a-\-baf'ydx 

= far {a -h bafy-\a -\- baf')dx 

= a Car {a -\- hary-Hx + h Cx''^{a -f bary-^dx. (1) 
Applying {A) to the last integral of (1), we obtain 

C(xr^''{a H- bary-^dx 

ar^^{a H- bary — a(m + 1) Car {a -f bar)'^^dx 
"" 6(np + m-f 1) ' 

which, substituted in (1), gives 

raj- (a -h barydx 

ar^^{a -h ^a^)** H- anp Car {a + 6aj")'-*(iaj 



(B) 



np -{-m-\-l 



a formula which makes the integration of the given binomial 
to depend upon that of another in which the exponent of the 
parenthesis is diminished by 1. 

Illustration. I {a^-{-a?ydx. The application of {B) to 

this differential makes the integration depend upon that of 

— . which can be rationalized and integrated by Art. 144. 

Va^ + ic" 

Substituting, therefore, in {B) m = 0, 71 = 2, jp = ^, a = a*, 
6 = 1, we have 



2M THE DTTEGBAL CAICCXCS. 

(a» + «')'«ir = ^^^ 

Writing Vo* + «' = « — sc, we find 

f /^ « r^ = log* + C = log(x+V?+^+C. 

Hence 

If np + m-^lssO, tike formula fails, bat Art. 145 applies as 
before. 

IIL In (^) let m = m + «. Then 

aj-+*(a + 6ir")''+*— a(m + 1) far {a + bj^ydx 

b{np -I- m 4- n 4- 1) 
whence 

jV (a + bsryox 

ar+\a+bar)'^^'-b(np-\-m+n'i'l) (V+"(a + 6«*)'da; 

a(m + l) ' ^ ^ 

a formula which makes the integration of the given oinomial 
to depend upon that of another in which the exponent of the 
variable without the parenthesis is increased by that of the 
variable within. 

f — = Cx-\a^ - ly^dx. By ap- 

plying (C) the integration is made to depend upon that of 

• - , which is a known form. Hence, making m = — 3, 

suVi^ — 1 

w = 2, /) = — J, a = — 1, 6 = 1, in (C), we have 



Illustration. 



REDUCTION BY PAETS. 205 ^ 






a^ipi? - 1)* 



i 



= ^^^+isec-'a,+ (7. 



971 -4-* 1 

If m = — 1, the formula fails ; but in this case = 0, 

n 
and Art. 145 applies. 

IV. In (J5) let p =p + 1. Then 
raf(a-|-6a:")^^daj 

a;™+\a -f- 6aJ")''+^+ an(p -f 1) ^^(a + 6af)'daj 

= *^ ^ 

np 4- w 4- m + 1 

whence 

" an(pH-l) ' ^^^ 

a formula which makes the integration of the given binomial 
to depend upon that of another in which the exponent of the 
parenthesis is increased by 1. 

Illustration. J = J (1 -h ^Y^dx, By applying 

(JX) ttirice, we see the integration will be made to depend upon 

dotj 
that of — ) which is a known form. Hence, making wi = 0, 

w = 1, p = — 3, a = 6 = 1, in (Z>), we have 



r dx _ -<l+a^)-^~ 3/(1 4-0^) 



X . 3 



4:(l-\-x'y 



206 



THB INTEGRAL CALCULTTS. 



Applying (i>) to the last integral, we have m = 0, n 
|>ss — 2, a=& = l, and 

^ _a;(H- «•)-»- C(l+x')-^dx 
J(l + a?) -*dx = -^ 



= 2, 



X 



Hence 



2(1 + 0^) 



-hitaii-*a; + (7. 



/ 



dx 



^ 4-__^£_^-|tan-^aj + a 



(!+«»)» 4(1-|-ib2)* 8(l-|-a!2) 



Examples. 









a?* . 4oV 8a' 
15 15 



D^ 



a^+C. 






a!» + 2a' 



•^ (a' + a;*)* (a 
6. f '^^'^ =gVo' + a!'-ia'log(a!+V^T^)+g. 



Apply (J5) twice. 



8 

+ 3a^sin-'5 + C. 
o a 
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Apply {A) and (J5) in succession. 

•^ V2 ax — 7? •^ 

£Jl3a(2aa!-a!»)*+^%ers->?+C. 

Apply (-4) twice. 



10. r ^5__ = -Vc^+(7. 

Apply (O). 



11. r ^^ VTEg-H^iog-^^—^C. 






13. Show that {A) will reduce the following to known fonns : 

ixf^dx ' 

y if m is even and positive ; also if m is odd and 



positive. 

;, if m is even and positive. 



±^ 



of (a* ± a*)"', if m is odd and positive. 
What if m is odd and negative ? 

14. C(r^-a^)idx = :^x(r^-x')^-^ir^sm-^^-^a 

15. f y^^y ^-^y''^^^{y'^^^)v2i^iF^ 

J ■\j2ry — f 6 

+ fr8ver8-*?^+(7. 
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148. Log^ariihmic differentials of the form x!^{logx)^diK 
may be integrated by parts when n is a positive integer, by 
placing afdx = dv, (loga;)*= u, in the formula 

j udv = ifcv — I vdu ; 

every application of the formula reducing the exponent of the 
logarithm by unity and thus finally making the integration 

depend upon | aiTdx, 

Examples. 1. j x^ (log x) ^dx. 

Let cci^dx = dv, (loga;)*= u. Then v = -, di* = 2 log x—, and 

3 X 

I udv = (log xy- — - j o^log xdx. 

Placing a^dx = dv, u = log a?, whence v= —, du = —, 

3 X 

Jwdv = |log oj - IJa^da? = ^'logaj - ^ -f C. 

Hence JV(log xfdx = ^ [ (log aj)^- 1 log a; -f- f ] 4- O. 

2. j log«daj = a;(logaj — 1)-|- (7. 

3. Jaj«(logflj)2daj = |?[(loga;)2_ilogaj-hi] + G. 

149. Exponential differentials of the form x^ef^dx may 

be integrated by parts when n is a positive integer, by placing 

aj"= w, e'^dx = (fv, in j udv = wv — j vdw, every application of 
the formula reducing the exponent of a:" by unity, and thu' 
finally making the integration depend upon j e'^dx. 
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• 1-/^ 



Examples. 1. i (x^e'^xdx. 



Let e^dx = dv, 05*= u ; then v = — , dw = 2xdx, and 

a 



fudv = — - - fe^'xdx, 
J a aJ 

Plaxjing e"*(ia; = dv, a; = w, whence v = — , du = dx, 

a 

Ce^xdx=—''- r6«da? = — -^+C. 
J a aJ a or 

Hence ra:2g«^^?!!/aj2_?aJ^2V ^ 
»/ a \ a or J 

2. ra?e«(te = e-f ^ _ 3^ + §1 _ 6 V ^ 
^ \^a or or a^J 

150. Trigonometric Differentials. By ^simple transformar 
tions, some of which are indicated in the following examples, 
these may often be reduced to known forms. Otherwise resort 
must be had to integration by parts. 

I. sin*^ QcdoD and cos^ xdx. 

(a) When n is an odd integer, we may wri£e 

sin* xdx = (1 — cos* x) * sin xdx, 

n-l 

and cos" ocdx = (1 — sin* x) * cos xdx, 

1. I ^m^Qcdx = j (1 — cos*a;)sinajc2aj = — cos a; + Jcos^a; -f C. 

2. I cos*i»da; = j (1 — sin* a;)* cos ocdx 

= sin aj — I sin® x-\-\ sin* x-\-G. 

3. I cos® QDdx = sin a? — J sin® x-\~C, 
(6) When w = 2, since 

2 sin*aj = 1 — cos 2a?, and 2 cos* a? = 1 -f cos 2a^ 



= — 8in*"*a5< 
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4 J sin'ojctess J (i — icos2aj)cte = | — ism2a;+(7. 
6. |cos'ajcte = | + j8m2aj+(7. 

(c) /n genercUf when n is any integer, let 

tt = sin*"**, dv^sixLQDdx. 

Substituting in j udv = uv — j vdu, we have 

I Bin* ocdx = — sin*"* a: cos oj + (n — 1) I cos' 05 sin*~' ocdx 

= — sin*~* X cos a: + (n— 1)1(1 — sin* a?) sin*"* xdx 
cos oj + (n —1) I sin*~'ajcte — (n — 1) 
• I sin*a%te. 

Transposing the last term to the first member, 

/*. « J sin*~*ajcosa5 , n — 1 /* • « « , 
sm* xdx = — ^ + =^ I sin*-'a^. 

The integration is thus finally made to depend upon j dx=x 
if w is even, or upon I sin xdx = — cos a if n is odd. 
In like manner, 

/- J cos*~' X sin X , n — 1/* -« , 
cos* ocdx = ^^^-2 — -^ — =^ + ^^ — = I cos*-* xdx, 
n n J 

the integration depending on |(2a; = x if n is even, or upon 
I cos QGdx = sin x if n is odd. 

n C * A J sin' a? COS 05 . 3 /* . • , 

6. I sin*a5ete = — ^ — ^ +j I sin'gcto 



sin' a? COS a? 

4 
sin' a? cos x 



— f sinajcos aj + f a? +0. 
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7. rcos*a?(to = ^25^^i^ + f sinajcosoj+faj + a 



cfa? , doc 

II. "TTZ — and 



sin** a? cos»* 05 

(a) TT^en n i« an even integer^ we may write 



n-S 



-^^ = cosec**-^aJcosec*ajdaj = (l+cot2aj) 2 cosec^oxto, 
sip** a; 

and -^ = (1 + tan^ x) ^ sec? xdx, 
cos** 

9. r».^5_= fcosec*ajcosec2ajcto= r(l+cot^aj)2cosec2ajdaj 
= — cot « — f cot*« — \coifX'\-C. 

10. r-^ = tanaj + ^tan«iB+0. 

11. r_^ = tanaj + |taii8a;-|-^tan*« + (7. 

(b) When n is 1, we have 

dx 



2 cos*- isec^^daj 

12. r^= r ^ = f ?= f— ^ 

2 sin-cos- sin- tan- 

2 2 2 2 

X 

cos- 
2 

= logtan-+C. 

sm I — "^ fl/ I 

V2 y 



212 THE INTEGRAL, CALCULUS. 

(c) In genercU, when n is any integer, 

/' dx /'cos' a: -I- sin' oj, /• cosondx , C dx 
sin" a: J sin* a: J sin* a J sin*~* 

T ^j. ^ J cos xdx 

Let u = cos X, dv = — r 



a; 



sin*aj 



Substituting in I udv = uv — j vdu, we have 

/cos ajtfa: cos aj 1 C dx 
cos a? = I • 
sin*a? (n— l)sin*~^aj n — !•/ sin*~^aj 

dx . 



Hence (-^^ 55i£ + !^Il2 C 

J sin* a: (71 — 1) sin*"^ x n — !•/ si 



sin*~^aj 



The integration is thus finally made to depend upon 



i . , = I cosec^xdaj = — cot a?, 
J sin* a? J 



if w is even, or upon 



J Sin a; Z 



if n is odd. 

In like manner, 



/ ' dx __ sin a; n — 2 r 

cos"a3 (n ■— l)cos*~^aj 71 — 1 J ( 



dx 



cos*~^a;' 



the integration depending upon 

— -- = I sec* a?da; = tan x, 
_ cos* a? J 

if n is even, or upon 

CJ^ = - log tan (^^ - f\ (Ex. 13), 
J cos X \4: 2y 

if n is odd. 



14 C ^ — — coso; 3 /*_ 

* •/ sin*« 4siii*« 4»/ si 
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dx 



sin'a? 

COSOJ ,3/' cos 05 



4sin^a; 4 



/ cos X , 1 / * cto \ 

\ 2siii^aj 2%/ sinaj/ 

cos a: 3 cos a; , 3,^ i.^ « , /-r 

+ -log tan- + (7. 



4siii^a; 8 sin' a; 8 2 

J cos' a? 2 cos* a? 2 \4 2/ 

cos*»*a5 Biii*»*a5 

(a) When n = 1, we have directly, by Form 1, 

16. iHL£da; = - f(cosaj)-'(-sinajda?) = i-i— +a 
cos^a; J 6 cos® a? 

IT /'cos a?, 11 , ^ 

•/ sin* X 3 sin' a? 

(h) When n — m is negative and even, Form 1 applies if 

we write 

sin" ox^a; . - • « j 
= tan"a;sec*"*ajcfo?, 



cos*" a? 

and cos xdx __ ^^^„ ^ cosec"*"* osdx. 

sin"*« 

18. r51^daj= ftan'ajsec'ajda? = itan« aj+a 
J cos^aj •/ 

19. ( ^?\^ cga? = ( cot' aj cosec* ajda? 
•/ sin' a? •/ 

= j cot' «(1 + cot'aj)' cosec' ajda?^ 
= — J cot* x — ^ cof a? — ^cof a? +C7. 

20. r?i2!^ = itan'a^+0. 
f/ cos* a? 
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21. I — :— — = — 4cot^aj-f O. 

^!i^ da? = I tan^a? -f ^tan'aj + ^tan^oj + a 
cos on 

(c) TF?ien n — m is negative and odd, ifn is odd, we have 

> 

dx = tan* a? sec"*"*aj(fa; 



sm**a ? 
cos"*a5 



n-l 

= (sec^a: — 1) * sec"'-**-*^ tan a? sec ajcte, 

to which Form 1 applies, and ^^f ^ ^ may be treated in a 
similar manner. ®^^ * 

23. I — -^dx= 1 tan* a? sec* ajda? 
J cos™ a; J 

= j (sec^a: — 1)* sec* a? tan a; sec ajda? 

= I (sec^aj — 2 sec* a: -f sec* a?) tan x sec ajda; 
s= ^ sec* a? — ^ sec^aj -f \ sec* a? -f C 

24 r?^5!^=isec*a:-tsec'»+a 
J cos«aj ^ s -r- 

25. I -r-r^cto = — 1 cosec'aj -f cosec a? -f (7. 
J sin*aj ^ 

(d) TT^ew n — m t» positive^ resort must be had to integTa- 
tion by parts. When, however, w — m = 1, and n is odd, 

ofi /*sin* ada? C/i 2 \Sinaj , . , ^ 

26. I r — = I (1 — cos*aj) — — da; = secaj-f-cosaj + (;. 

J cos^a? J cos*aj 



^ cos^xdx 
sin^aj 



nrr *i Gos^axza; , /^ 

I -^t;^^ — = — cosecaj — sin«+(7. 



28. I — =- — — I + cosaj+a 

•/ cos^aj 5 cos* a; cos* a? cos a? 
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IV. tsu^xdx and coi^xdx* These forms can be inte- 
grated directly, when m is integral and positive, by placing 

tajo^Qsdx — (sec^oj — l)tan"*~^ada5, 

and cot" xdx = (cosec* x — l) cot"*~* xdx. 

29. I tan* xdx = 1 (sec* a — l)cZaj = tan x^x-\-C. 

30. I tan' xdx = j (sec* x — 1) tanajda? = ^tan*aj — I tan ocdx 

= ^tan*a;— | ^5_?(ia; = itan*aj-|-logcosa:+C7. 

^ J COS* 

31. I tan* xdx = I (sec*aj — l)tan*a;cZaj = ^tan'o;— j taxi^ocdx 

= ^tan«aj — tana; + a:-fC7(Ex. 29). 

32. I tsLU^ODdx = i tan^a; — ^ tan*a5 ■— log coso; + C, 

33. I cot*icda; = — cota — as + C 

34. I cot'adaj = — ^cot*aj — log sinoj +C» 

35. I cot*ajda; = — J cot^oj -f ^ cot* a; -f log sin* + (7. 

. I (tan* X -I- tan* a?) dx= i tan* a? sec*ada = ^ tan'a; + C. 

37. I (tan'a? -I- tan® aj)dte= | tan'a:sec*adaj = ^^tan^a + O. 
And, in like manner, (tan*a: + tBjaTx)dx when n — m = 2. 

V. a?** sin (€K»)claj, and a?** cos (aa?)claj. 
Let w = af, dv = sin (aa;)cte. 
Substituting in j udv = ui; — j vdu, 

Caf'sm (ax)dx = _?!22sl25) ^ Vl fcos (aaj)a?»-^daj, 
J a aJ 



36 
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the integration finally depending upon 

I cos {ax)dx or I sin {(ix)dx, 

38. I aj^cos xdx = aj^sin x — Si a^sin ocdx 

= aj^sina: — 3(— au^cosoj — 2 j —xcosxdx) 

= seisin X + 3aj*cos x — 6(x sin oj — j sin asdx) 
= aj^sin a? + 3a;* cos a; — 6a? sin a; — 6 cos a? + 0. 

39. I aj^sin ajdaj = — a;*cos x -f- 2a? sin a? + 2 cos a? + C7.* 

Af\ r ' / \^ a; cos (ma?) , sin (ma?) , j^ 

40. I a? sin (ma?) aa? = ^ — ^ H ^-- — ^ + (7. 

J m mr 

VI. e***sin»»ajclaj, and e***cos»»a5claj. 

Let u = sin* a?, dv = e**cZa?. 
Substituting in j udv = uv— I vdu, 

C^8iD^xdx = ?15!^ - 2 re«»gin»-ia. cos a?(7a?. (1) 

In the last integral let u = sin*~*a? cos a?, dv = c^^da?. Then 

du = (n — 1) sin*"* a? cos* a?da? — sin* a?da? 
= (n — 1) sin*~*a?(l — sin*a?)da? — sixH^xdx 
= (n — 1) sin*"*ajda? — n sin*a?cia?, 



« = !.; 

a 



wnd tke formula i udi; = ui;— i i;(2u gives 

j e*" sin*"^ a? cos oci^ 

8in"~^a5COsa?e*^ w — l/'«,.-a, .w/^«-«-j 
= I €"sin*-* a?da?+ - I e«*sm*a;cte. 

a a •/ aJ 
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Substituting in (1) and solving for j e"*8in"ajda5, 

= g°'sm"-'a; , gi^ g. _ ^ c^g ^j) 4. ^(f""^) fe-^sin^-^ajdu.. (2) 

By a repetition of this process the integration is made 
to depend upon the known form le*"dx, or upon je*" sin ajdaj, 
which by (2) is — — - (a sin « — cos a;), n being 1. From the 
form e*" cos** a?da: we have in like manner. 

j 6*" cos* a?da: 
^e^cos;;^ (acosaj + wsino?) ^ ^(^ - ^) fe^'cos-^ajffoj. 

e"*sin xdx = — — - (a sin a? — cos x) + C7. 
a*-f 1 

42. fe«cos«ajdaj==^^^^5?^(ttcosa;+2sina;) + — 4^^+C7. 
J ar-\-4: a(a*4-4) 

43. j e*sin^ajdaj = :^ (sin*a? + 3cos*a? + 3 sin a? — 6 cosa?) +C. 

151. Circular differentials of the forms f(x)Axr^xdxy 
f(x)cos~^xdx, etc., m which f{x) is an algebraic function. 

Assuming dv=f(x)dx, the formula for integration by parts 
will make the integration depend upon an algebraic form. 

Examples. 1. j sin~* xdx, 

u = sin~* a?, dv = daj, dw = — . v — x. Then 

I sin~^ajda; = x sin~^a? — I — z=z= = ^ sin~* aj + (1 — au*)* + C7. 
J J -y/l-x" 

2. j tan~^ajdaj = a?tan~*ar — ^log (1 + a?*) -f O. 
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3. fay^cos-^xdx= ^ cos-^o; - ^^-^ ^^^ 2) + (7. 

BY SUBSTITUTION. 

This method has been already employed in the rationaliza- 
tion of irrational differentials (Arts. 143-4), and consists in 
substituting for the variable of the given differential a new 
variable of which it is a function. 

152. Trigonometric functions of the form sin** x Qov^xdx. 
I. Let sin a; = 2. Then 

m 

sin»aj = 2^, cos*aj = (l— 2;*)^, dx = (1 — :i^)~^dz. 

Hence I sin*acos*"ajdaj = J 2"(1 — 2^) * cfe, 

or in like manner, writing cos x = z, 

I sin*« cos^ajdau = j — «"*(! — 2?^) * cte. 

The given differential may then be integrated whenever the 
above binomials can be integrated. 

dz dz 



Examples. 1. ( sin*ajdaj. sina? = «, dx= 

J cos a; Vl— 2^ 

Csm'xdx=C-^^^ = -'^(z' + i)^/^^ + ism-'z-{-C 

^■^~^' (Ex. 2, Art. 147) 

= — (sin^a? -f- f sin x) 4- f a? +C7. 

(Ex. 3, Art. 147.) 
= - ^^ (sin^a; + i sin^a? + f ) + C. 
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3. j sin' 0? COS* ajda?= i7?(l—i^^dz when sin a? = 2. 

(Ex. 8, Art. 147.) 
Hence Csm'xcoa*xdx ^JM^ + ?iE^08« + ^^+a 

II. When, either m or n is oddy we may integrate directly by 
treating the factor whose exponent is odd as in Art. 150, 1., (a). 

4. I sin^ X cos* xdx =1(1 — cos* x) cos* x sin ocdx 

= — ^ cos^o? + \ cos^^aj -I- C. 

5. I cos^o; sin*icdte = ^ sin* a; — f sin^a + ^sin'a? +G. 

6. I cos* X sin^xdx = — ^ cos'^a + ^ cos^a: + C'. 

7. j sin a; cos* a^aj = — ^ cos^a; -f C. 

8. I cos a; sin^ajda? = ^ sin* a; -|- (7, 
form 1 applying when n or m is 1. 

9. f-^-^? — = r.2da_ ^ j^g ^^^ ^ ^ ^ ^^ j2, Art 150.) 
J sinajcosa; J sin2a? 

10. r_^_=r?i5l£±^da, = tana,-cot«+(7. 
J sin*a?cos*a? J sin^ajcos'^a? 

11. I sin* a; cos^ajda? = \ sin* a; — ^ sin* a; + G. 



I. Many differentials may be integrated by substitution, 
but no general rule can be given, and the method is best 
exhibited by examples, of which a few are added. 
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By Art. 139, Case 1, 

/ * dz _ 1^ g 
2(a» + 2;) a* a^ + Z 

Hence' f , f^ ,, = Alog--^^ + (7. 



Put a? = - ; the differential may then be integrated by Art. 
144, 1. ^ 

Put l + aj=s«. 

Placing ttsse* and dv = «"*(&;, and applying the formula 

-— , we have 

7? z J z 

Substituting this value in (1), we have the above result. 

4. r^Vl + loga? = 1 (1 + loga?)* + C. Let 1 + loga; = z 
•/ X 

5. r-^^ = -.Jcos-^aj-?^^^^ + a Letaj = cosg. 

6 C ^ =^^1qc ^"^^ a + 2bx ^ 
J a^{a + bxy a' x a^x(a-{-bx) 

Put « = -, whence 



2 aj2(a + 6a?)« {az + b)' 
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In the latter let 02 + 6 = v, and it becomes ^ — -^ dy, 

a? f 

7. a^(a -- a^)W Put 7?^a-z^. 



t. When the given differential can be expanded into a 
converging series, its integral may be found by integrating 
each term of the series. The integral thus obtained will be in 
the form of a series, and therefore integration by series affords 
a method of developing a function where the development of 
the derivative is known. 

Examples. 

1. C^x'^^dx = rV5(l - ix?)^dx 

/— ic^ ic* a^ 
-wx(l ")dx 
^ 2 8 16 ^ 

= fee* - |a;* - ^oj^ - tI^oj'^ ... -f (7. 

2. C-^dx= C(l-{.X'{-a^-hia^-\'^ai^'")dx 

J cos 05 J 

n&- /m8 /w4 /m5 

= a?4--+- + - + — - + 0. 
23610 

See Ex. 18, Art. 72. 

3. Develop log (1 + a) . 

log (1 + X) = Jj^ = J(l + ^) -'dx 

= j (1 — a?-f-a5^ — ^ "O^^ 

2 3 4^ 

4. Develop sin~^a?. 

sin-^a?= r ^^ = r(l + ^g^ + fa^ + H^-^'")^^ 
^ VI — a^ *^ 

= a;-f J-aj3 4-A^ + TflfaJ^- + ^- 
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Bemabk. The process of integration is the inverse of that 
of differentiation; but it does not follow that, because we can 
differentiate every integral, we can integrate every differential. 
Suppose, for example, the given function be of* ; its differential 
is naf*^^dx. Now, in order that the differential of 05" should 

assume the form -, we must have n — 1 = — 1, or n = ; in 

X 

which case aj" = l, which has no differential. That is, the 
algebraic function a?" cannot give rise to a differential of the 

form — ; nor can any other known function except log x. It 

X 

is evident, therefore, that, before the invention of logarithms 

and the investigation of their properties, the operation indi- 

rdx 
cated by I — would have been impossible. The transcenden- 

tal functions sin~^a;, tan~*aj, etc., whose differentials 



- — -, etc., are algebraic functions, are further illustrations of 
1 -f"^ 

the fact that the integration of algebraic differentials may in- 
volve transcendental, or higher, functions. The integration, 
therefore, of such forms as do not arise by the differentiation 
of the known functions cannot be effected until new functions 
corresponding to these forms have been invented. 



Miscellaneous Examples. 



Integrate : 



-, 1 — aJ", K l-f2aJcos*a? , 

1. dx. o. dx. 

1 — x cosa; sinaj-|-arcos*aj 

2 xd^ ^ _xd^_ 

Va^ — x^ ' (1— a?)^' 

*^' 1T~, — \l' «• ajtan""^a^. 

(1 + xy 

4. ^^±lda. 8. ^ 



^x-1 ' Vc*-a'-2a6x-6W 
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9. ^^^ . 23. , ^ + ^^^ do., 

^/x aj^cto 24. cos2a;cto. 



1+a;^ 



sin a; cos^a; 



T^^-^^-l 



-* /» oaj "^ ^ J 
lo. ^: ^^: — IT- aaj. 



2K sin nvidx 



^^ dx wi — cos na? 



s\£* S6C XCLX 



^^3^ — 1, m — w tan x 

12. — dx. 



Q»T Tiaj OiX 



13. _^5_. VaJ^ — ix^ 
tt* — a;* 

OQ COS ajcZa? 

J ^o» ~"5 : — a — * 

14 ^"^ a* + sm^aj 

• a?*-a;2_2* 

29. e*-*da?. 

^^- ^^37*' 30. (5^L£l^ 



(a!-a)« + (a; + o)** 



o^'.fea^' + s/*- 31. , <'"~"i^^ ^. - 

(a; — a)* ± (« + a)* 



17. . ■ '^''.. . , • „„ dx 



a^ cos^ a? 4- 6* sin^ a? 32. 



18. _?!!l!^_. „^ da? 



(a -f 6af )"** ^^• 



aj*(aj — 1)' 



V^wia? — ar ,, _i 

1 — X ^ 

20. ^^±-^daj. 35. a^Vl^^dx, 

cr -{-or 

36. a;«VlT^c?aj. 
OH mdx 



a-{-hx^ 37. e^sin Saxfa;. 

22 ^g^a; 38. ^^ 

• a + Z^a?"* aj* Vl + a;" 
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8UOCBSSIVE nVTEORATION. 

K Successive differentials obtained on the hypothesis 
that the variable is equicrescent are readily integrated by the 
preceding methods, the differential of the variable being con- 
stant. 

Examples. 1. Given cPy = 10 a^da^, to find y, 

^ = 10 a^dx; integrating, ^ = ^aj3-h(7'. 

dy =^^a?dx+C^dx; integrating, y = f aj*-|-(7'a:4-C". 



cPv 
2. Given — ^ = cos «, to find y, 
dor 

V?=cosa%te; .-. -t^= sinaj + (7'. 
dor dar 



^ = sinaJcto+C7'(iaj; .-. 3?? = - cosoj + O'aj+C". 
dx dx 

dy = — cosxdX'{-G'xdx -^C^'dx I 
y ai-sina + ^-f-(7"a+C7'". 



3. Given 3^ = 0, to find y. 
oaf 

§' = 0; .-. ^ = (7'. dy=:C'dx; .. y = G'x+G''. 
dx dx 



4. Given d^ = sin xda^, to find y. 
6. Given cP« = — gd^, to find 8, 

6. Given -^ = z, to find y. 

dor or 
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THE CONSTANT OF INTEaRATION. 

156. All the integrals thus far obtained- contain the inde- 
terminate constant C, and are called indefinite integrals. 

Integrals from which the constant has been eliminated, or 
for which its value has been determined, are called definite 
integrals. 




oFDBmr' 



157. Definite integrals. The two methods of disposing of 
the constant of integration C are best explained by an illus- 
tration of the processes. Let it be required 
to find the plane area OM'2^ between the 
parabola OM', the ordinate M'N\ and the 
axis of X, This area may be regarded as 
generated by the motion of the ordinate PD 
from left to right. If this area be repre- 
sented by z, dz will represent what its change 
would be in any interval of time, dt, if its rate of increase 
remained uniformly the same during that interval. But if the 
rate of z becomes constant at any instant, that is, at any value 
PD of y, its increase for any interval dt wiU be represented by 
PQBD = PD X DR = ydx ; DB = dx being the corresponding 
difEerential of x. Hence dz = ydx, and 



=jydx. 



(1) 



y 



Substituting the value dx = -dy from the equation of the 

Jr 



parabola y^ = 2px, 



dz = —dy 



and 



^If^'y-t^"^- 



(2) 
(3) 



FiBST Method. Evidently the area generated cannot be defi- 
nitely expressed until we assume some initial position of PD 
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as an origin from which to estimate it. If we reckon the 
area from the ordinate through the focus F, then 2 = when 

y=zFP's=p, and (3) gives (7= — -^j and the definite integral is 

o 

3p 3' 

which gives the area, estimated from FP', to any position of 
y as M'N^ when y' = M^N' is substituted for y. 

If we reckon the area from 0, then z = when y = 0, and 
(3) gives (7=0, the definite integral being 

3p 

which gives the area, estimated from 0, to any position M'N* 
of y, when y' = M'N' is substituted for y. 

Hence the value of C may be found whenever we know the 
value of the function for a particular value of the variable ; 
and it is evident that this will be the case in all problems like 
the above, in which the origin from which the magnitude is to 
be estimated may be arbitrarily chosen. 

Second Method. If we substitute any value of y, as 
y'=if''JV^in(3), 

is the area generated while the ordinate is moving to the posi- 
tion M''N". Substituting y' = M'N\ 

ylS 

3p • 

is the area generated while the ordinate is moving to the 
position M^N\ Hence 

is the area generated in moving from M^N^ to M^^N^\ and is 
independent of any initial position of the ordinate. In other 
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words, the area is increasing at the rate — =:^-^ and the 

dt p dt 

area generated at that rate while y passes from the value y' 

to the value y'^ is found by substituting these values in (3) 

and taking the difference of the results. In this way G is 

eliminated, the process being called integration between limits. 

The symbol for the integral between the limits y^ and y" is 



•»" 



I <t>{y)dy, y^' being the superior and y' the inferior limit; 

and it indicates that in the integral of <t^{y)dy, y" and y' are 
to be substituted for the variable in succession, and the latter 
result subtracted from the former. It is to be observed that 
the two methods are essentially the same, for in the first the 
inferior limit is assumed in determining the value of (7, and 
the superior limit is the value subsequently assigned to the 
variable in the definite integral.. 

The constants introduced in successive integration are 
readily determined from the conditions of the problem if the 
latter is a determinate one. 

Thus, suppose a body starts from rest with a constant acceler- 
ation m in a right line. Taking the axis of X coincident with 
the rectilinear path, we have (Art. 69), 

d^x 

— - = wi. 

Multiplying by dt and integrating, 

^=:v = mt-^a (1) 

dt , 

Reckoning t from the instant the body starts, we have, by 
condition, v=0 when i = ; hence (7=0, and 

(2) 

CM 

Integrating again, 

(3) 



dx 
dt 


= V: 


= mt. 


x = 


mt^ 

2 


-hC. 
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Reckoning x from the initial position of the body, x = 
when ^ = ; hence C = 0, and 

aj=— . (4) 

Eliminating t between (2) and (4), we have for the equa- 
tions of motion, 

i; = m*, x = -— , V = •\/2mXy 

from which we may find the position of the body at any time, 
and its velocity at any time or at any point of the path. 

Had the body an initial velocity v^ when aj=i=0, we should 
have had from (1), C=Vq, and therefore 

dx . , 

at 

whence, integrating again, 

in which O' = 0, since a; = when * = 0. The equations of 
motion in this case would be 

And, in general, the equations of motion can be found when- 
ever the position and velocity of the body at any instant is 
known. 



CHAPTER VIII. 

QEOMirrRICAL APPLICATIONS. 

158. Determination.of the equations of curves. 

1. To find the equation of the curve whose normal is constant. 

Let R = length of normal. Then (Art. 27, Ex. 21), 



R = y 



MW 



> . 



or x= ±jy{B? - fy-' % = q: (iJ^ - y*) * + a (1) 

In this, as in all like cases, the fact that the position of the 
origin of coordinates is arbitrary enables us to determine (7. 
Thus if we assume that the origin is so chosen that y = B 
when aj = 0, then, from (1), (7 = 0. Hence a; = q: V^ — y^, 
or, squaring, aj^ -h y^ = i^ ; the curve being a circle, and the 
constant of integration being determined upon the condition 
that the origin is at the centre. 

2. To find the curve whose subtangent is constant, 

doR 
y — =zm\ hence x = log^ y -h (7, or a? = log^ y if aj = when 

See Ex. 8, Art. 30. 

3. To find the curve whose subnormal is constant. 



dv 
y-=-==p. Hence j^ = 2px if a; = when y=sO. 



329 
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4 To find the curve whose subnormal is always equal to the 
abscissa of the point of contact. 

An equilateral hyperbola. 

5. To find the curve whose tangent is constant, 

y^l-^f — )=a; whence dx = qp ^^ "^^ dy. 

Taking the negative sign, that is, the case in which j^ is a 
decreasing function of x, 

'^ y *^Vy(a*-3^)* (,a*-y'yJ 

=:olog^!^^^ ^^ _(o»-y»)* +C. (Ex. 5, Art. 145.) 

if 

Assuming the origin so that ic = when y 
y = aywe have (7=0. The curve is called Fig. 72. 

the tractriz, and is shown in the figure. 

6. Find the curve whose polar subtangent is 
constant. 

HA 

f^ — ssa (Art. 120). The reciprocal spiral. 
dr 

7. Find the curve whose polar subnorrnal is constant, 

159. Rectification of plane curves. The process of finding 
the length of a curve is called rectification. 

I. To rectify f{x, y) = 0. From Art. 25, ds = ^/da^-^df ; 
hence 

s ==C^/da^ + df, (1) 

II. To rectify f(r, e) = 0. From A.rt. 120, ds=Vdi^-h?d^; 
hence 

s =fy/dr^ + r'dff'. (2) 
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By substituting the value of dx, or of dy, from the equation 
of the curve in (1), « may be expressed in terms of a single 
variable and its value found when the integration is possible. 
If the curve is given by its polar equation, the second form 
of s is in like manner expressed in terms of a single variable. 

Examples. Rectify the following curves : 

1. The semi-cubical parabola y* = aa^, 

hence « = ^ (^(4 -f 9aa;)*(ia; = -^ (4 -f 9ax) * -h C. 

Estimating the length from the vertex, 5 = when a; = ; 
.-. C7=-X,and« = ^[(4+9a.)i-8], 

which is the length of the curve from the vertex to any point 
whose abscissa is x. 

y 

2. The cycloid x=^r vers"^ ^2ry — y^. 

hence a = -s/2rC{2 r - yY^dy = - 2 V2r (2 r - y) * + (7. 

Estimating from the origin, 5 = when 2^ = ; whence 
C=4r, 
and « = — 2 V2r(2 r - y)* -h 4r],=a, = 4r. 

Hence the entire length of one branch is 8r. 

3. The parabola y^ = 2px. 

« = - r(p' + y')*cfy = i^VFT2^+|iog(y+VFTP) + G 

p^ Zp L 

(See Art. 147, II., the illustrative example.) 
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Estimating from the vertex, 
C = -|logi), 



and s=f^fT^+^\og y+^f+P' . 

2p 2 p 

X _ X 

4. The catenary y = - (e* -h e *'). 

Estimating the arc from the point for which a; = 0, 

« = |(e'-e'«). 

6. The hypocycloid a?^ -|-y^ = a*. Ans. 6 a. 

6. Determine the length of the tractrix. 
From Ex. 6, Art. 168, 

Hence «= j -y/db? -j-dy^ = '- i -dy = — alogy -|- C, 

taking the negative sign as 3 is a decreasing function of y, 
(Fig. 72.) Estimating the arc from T, 5 = when y = a; 

hence C= a log a, and « = a log-. 

y 

7. Determine the length of the ellipse. 

Using the central form of the equation in terms of the 
eccentricity, 

hence 

and for the length of the entire curve. 
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J^ VoTT^V 2a 2.4a8 2.4.6a* "/ 

(Ex. 25, Art. 72.) 

"" Jo ^a^^a^ a Jo Va*— aj* 2aVo Va* — a^ 

o t^ ^ 3e* 3'.5e« \ 

= 27ra(l ... ]• 

^ 2^ 2^4* 22.4^.62 / 

The second and third of the above integrals are given in 
Art. 147, Exs. 1 and 2. 

8. The logarithmic spiral r = a^y a being the base and m 
the modulus of the logarithmic system. 

the length from the point for which r = 1 to the pole. 
The corresponding arc of the Naperian spiral = V2. 

9. The spiral of Archimedes, r = ad. 

8 = aCVT^dO = -f(a^ -f r^^dr 

^ r(a^ + r^)^ ^ai^g r + V^?TP^ (Art. 147, 11.) 
^ a ^ a 

when the arc is estimated from the pole. This is also the 
length of the arc of the parabola y^ = 2ax from the vertex to 
y = r (Ex. 3) ; hence this spiral is often called the parabolic 
spiral. 

10. r = a(l4-costf). 

S ^fidr" + r^d^) * = rV2a2(l+cos^)dtf 
= r^4a2cos2^di9 = 2a Jcos-d^ = 4asin^ +a 
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Estimating the area from the point for which tf = 0, we 

The curve is a cardioide, the polar axis being the axis of 
symmetry, and its entire length is 8 a. 

160. Quadrature of plane areas. I. The plane area included 
between y =/(«) and the axis of X is given (Art. 157) by 



= Cydx, 



(1) 



In like manner z' = I xdy gives the area between the curve 

and T, 

dz 
If the curve crosses X, y, and therefore --, becomes nega- 

dx 
tive, z being a decreasing function of x ; hence areas below X 

must be considered as negative. 

II. By the area of a polar curve is meant the area swept 
over by its radius vector. Thus OPQ is the 
area of MN between the limits P and Q. 

Representing the area by z, its change would 
evidently become uniform at any value of J 
r= OP if at this* value the generating point 
moved uniformly in the circular arc PP\ 
Hence if dd = pp', 

dz = area OPP' = i OP x PP' = ir . rdO, 

z = ifr^dO. (2) 

The process of finding the area is called Quadrature. 

Examples. 1. Determine the area of the parabola 3^=2|w?. 
dx=:^dy; hence 




or 



P 



=Sy^=lS^'^^=£^^' 
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Estimating the area from the vertex, 2; = when y = ; hence 
(7=0, and 2 = ^ = |a?y, or two-thirds the circumscribing 
rectangle. 

2. Determine the area between y = sino; and X. 

2=1 sin xdx = — cosaj 1=2. 

3. Show that the area between the witch Qi?y = 4r*(2r — y) 
and its asymptote is 47rr*. 

4. Show that the area between X and the hyperbola a^ = 1 
from a; = 1 to a; = a?' is logo;'. 

6. Find the area of one branch of the cycloid. 

hence the whole area is 3irr*. See Ex. 9, Art. 147. 

6. Find the area of the circle oi^-^-jf^r^, 

hence the whole area is -n^. See Ex. 14, Art. 147. 

7. Prove that the area of the ellipse aV + 6*«* = a'6* is ira6. 

8. Show that the area between the cycloid 

0? = 2 vers~^| — V4y--^ 

and the parabola y* = -a? is |ir. 

The curves intersect at the origin and x = 27r. 
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y^ 9. Fmd the area of ^ = a?* + aj* on the left of Y (see Fig. 67). 

= ^^i^ - Kl + a:)U i(l + 0^)*]% = iVV. 
See Ex. 7, Art. 143. 

10. Show that the area of the loop aV = aV — aj* is ^a*. 

0/^ 11. Show that the area of y(Q^ + a*) = c^(a — x) from a? = 
to a? = a is c»/'ilog2-^Y 

a^ 
12. Prove that the area between the cissoid v* = and 

its asymptote is 3iral See Ex. 9, Art. 147. 

ly^ 13. Prove that the area of both loops of y* = a^(l — a?*)^ is f . 
See Fig. 69. 

14. Prove that the area between X and y = 4a? — aj* from 
aj = -2toaj = +2is8. 

16. The spiral of Archimedes, r = cU9. 

G being zero if the area is estimated from ^ = 0. For 
tf =s 2ir, 2 = i'rr*, or the area of the first spire is ^ that of the • 
measuring circle. When = 47r, z = ^ttt^, or the area of the 
second spire is |irr* — |irr* = 27r7'*, the first spire, having been 
traced twice. 

16. Prove that the area of r = e^ is one-fourth the square 
described on the radius vector. 

17. Find the area of the lemniscate r^= a*cos 20. Ans. al 

18. Prove that the area of the cardioide r = a(l-|-costf) 
is f Tra*. 
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19. Prove that the area of the three loops of r = asin30 
(Fig. 67) is i7ra«. 

20. Find the area of the four loops of r= asin2^ (Fig. 66). 

161. Volumes and surfaces of revolution. 

Let the curve ON, whose equation is y =/(«), revolve about 
X as an axis of revolution. The plane area OQR will generate 
a solid revolution whose surface will be gener- 
ated by OQ. A plane section PF* perpendicu- 
lar to X will cut from this solid a circle whose 
centre is D and radius is PD = y. The volume 
of the solid may be regarded as generated by 
this variable circle moving with its centre on 
X. The rate of every point of this generating 

area is — ; hence the rate of increase of the 
dt 

volume V is — = irff — , or 

dt dt 




V= I irjfdx = ^ I l^dx. 



(1) 



The surface 8 of the solid may be regarded as generated by 
the circumference of the circle. The rate of every point of 

this generating circumference is — ; hence the rate of increase 

of the surface is — = 2Try — , or 

dt ^ dt 



8 = C2iryd8 == 2irCyy/dQ? + df. 



(2) 



Examples. 1. Find the volume of the paraboloid of revo- 
lution. 

F = IT I jfdx = ^ I 2pxdx = Trpoj* -h C. Estimating the vol- 
ume from the vertex, F= when- aj = ; hence (7 = 0, and 

V=npa^ = irpx^:=iwfx, 
or one half the volume of the circumscribing cylinder. 



) 
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2. Find the volume of the prolate speroid. 

I --(a* — aj^)(fo? = f7r&'a. Hence the whole volume 
= f7r&*(2a), or two-thirds the circumscribing cylinder. If 

3. Find the volume of the oblate spheroid. 
Here F= ir Ca^dy = |ira«(2&). 

4 Find the volume generated by the revolution ofy= — aj-f-5 
about X ^ 



■ j j^da? = ^7rya. 



6. Find the volume generated by the revolution of the cycloid 
about X, 

Cirfdx^ C^—J^^^ = ^ Cf(2ry-fyidy 
•/ ^ V 2 ry — j^ ^ 

+ f ,rr^ vers-^ \ + o]]" = f ttV, 
or the whole volume = hi^i^. See Ex. 16, Art. 147. 

6. Find the volume generated by the revolution of the witch 
about its asymptote. «^ = 4r*(2r — y) ; 

V8r2(4r« + ar^)^16r« 2r; 

-l-foo 

+ C =4^7^. 
See Ex. 12, Art. 147. ~* 

7. Show that the volume generated by the revolution of 
« + y = o about the axis of X is -^va\ 
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8. Find the surface of the paraboloid of revolution. 

Estimating the surface from the vertex, 5 = when y = 0; 

whence (7=-?V, and >Sf = |-[(2^+jp2)*-jp3]. 

op op 

9. Find the surface of the sphere. 

if if 

10. Find the surface generated by the revolution of x^ -j-y* =a^ 
about X Ans, ^wa^. 

11. Find the surface generated by the revolution of the 
cycloid about its base. 

=:-2nV2~r{i('Lr+y){2r-y)i)X =¥-^. 
Hence the whole surface = ^irf^' See Ex. 5, 143. 

12. Prove that the surface generated by the revolution of 
one branch of the tractrix about X is 27ra*. See Ex. 5, Art. 158. 

13. Prove the area of the surface of the prolate spheroid is 
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Analytic Geometry. 



By A. S. Habdt, Pb J)., Professor of Mathematics in Dartmouth College^ 
ajud SkiithoT oi Elements of Qvatemiona, 8yo. Cloth. xiy+ 239 pages. 
MaUing Price, $1.60; for introduction, $1^. 

T^HIS work is designed for the student, not for the teacher. 
Particular attention has been given to those fundamental con- 
ceptions and processes which, in the author's experience, have been 
found to be sources of difficulty to the student in acquiring a grasp 
of the subject as a method of research. The limits of the work are 
fixed by the time usually devoted to Analytic Greometry in our 
college courses by those who are not to make a special study in 
mathematics. It is hoped that it will prove to be a text-book which 
the teacher will wish to use in his class-room, rather than a hook oj 
reference to be placed on his study shelf. 



Oron Boot, Professor of Mathemat- 
ics, Hamilton College: It meets quite 
fully my notion of a text for our 
classes. I have hesitated somewhat 
about introducing a generalized dis- 
cussion of the conic in required work. 
I have, however, read Mr. Hardy's 
discussion carefully twice; and it 
seems to me that a student who can 
get the subject at all can get that. 
It is my present purpose to use the 
work next year. 

John E. Clark. Professor of Mathe- 
matics, Sheffield Scientific School of 
Tale College : I need not hesitate to 
say, after even a cursory examina- 
tion, that it seems to me a very at- 
tractive book, as I anticipated it 



would be. It has evidently been pre- 
pared with real insight alike into the 
nature of the subject and the difficul- 
ties of beginners, and a very thought- 
ful regard to both; and I think its 
aims and characteristic features will 
meet with high approval. While 
leading the student to the usual use- 
ful results, the author happily takes 
especial pains to acquaint him with 
the character and spirit of analytical 
methods, and, so far as practicable, to 
help him acquire skill in using them. 
John B. French, Dean of College 
of Liberal Arts^ Syracuse Univer- 
sity : It is a very excellent work, 
and well adapted to use in the reci- 
tation room. 



Elements of Quaternions. 



By A. S. Habdy, Ph.D., Professor of Mathematics, Dartmouth College. 
Second edition, revised. Crown 8vo. Cloth, viii + 234 pages. Mailing 
Price, 92.15; Introduction, 32.00. 

^UE chief aim has been to meet the wants of beginners in the 
class-room, and it Is believed that this work will be found 
superior in fitness for beginners in practical compass, in explana* 
tions and applications, and in adaptation to the methods of instruc' 
tion common in this countiy. 
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Elements of the Calculus. 

Bv A. S. Habdy, Professor of Mathematics in Dartmouth College. Svo. 
Cloth, zi + 2au pages. By mail, 91^ ; for introduction, $1JS0. 

nnHIS textrbook is based upon the method of rates. The object 
of the Differential Calculus is the measurement and comparison 
of rates of change when the change is not uniform. Whether a 
quantity is or is not changing uniformly, however, its rate at any 
instant is determined essentially in the same manner, yiz. : by let- 
ting it change at the rate it had at the instant in question and 
observing what this change is. It is this change which the Cal- 
culus enables us to determine, however complicated the law of 
variation may be. From the author's experience in presenting the 
Calculus to beginners, the method of rates gives the student a more 
intelligent, that is, a less mechanical, grasp of the problems within 
its scope than any other. No comparison has been made between 
this method and those of limits and of infinitesimals. This larget 
view of the Calculus is for special or advanced students, for which 
this work is not intended ; the space and time which would be 
required by such general comparison being devoted to the applica^ 
tions of the method adopted. 

Part I., Differential Calculus, occupies 166 pages. Part IIi Intei 
gral Calculus, 73 pages. 



George B. Merriman, formerly 
Prof, of Mathem. and Astron, Rut- 
gers College: I am glad to observe 
that Professor Hardy has adopted 
the method of rates in his new Calcu- 
lus, a logical and intelligent method, 
which avoids certain difficulties in- 
volved in the usual methods. 

J. B. Ck>it, Prof, of Mathematics, 
Boston University : It pleases me 
very much. The treatment of the 
first principles of Calculus by the 
method of rates is eminently clear. 
Its use next year is quite probable. 

Vllen Hayes, Prof, of Mathemat- 
Id, fl^eClesley College : I have found 



U a pleasure to examine the booli 
It must commend itself in man^ 
respects to teachers of Calculus. 

W. B. McDaniel, Prof, of Mathe^ 
matics, Western Maryland College , 
Hardy's Calculus and Analytic Gk/- 
ometry are certainly far better books 
for the college class-room than any 
others I know of. The feature ol 
both books is the directness with 
which the author gets right at the 
very fact that he intends to convey 
to the student, and the force of his 
presentation of the fact is greatly 
augmented by the excellent arrange- 
ment of tjrpe and other features of 
the mechanical make-up. 
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Elementary Oo-ordinate Geometry. 

By W, B. Smith, Professor of Math., Missouri State University. 8vo. 
ClotlL 312 pages. Mailing Price, $2.15; for introduction, $2jO(X 

fTTHILE in the study of Analytic (jeometry either gain oi 
knowledge or culture of mind may be sought, the latter 
Dbject alone can justify placing it in a college curriculum. Yet the 
subject may be so pursued as to be of no great educational value. 
Mere calculation, or the solution of problems by algebraic processes, 
is a very inferior discipline of reason. Even geometry is not the 
best discipline. In all thinking, the real difficulty lies in forming 
clear notions of things. In doing this all the higher faculties are 
brought into play. It is this formation of concepts, therefore, that 
is the essential part of mental training. And it is in line with this 
idea that the present treatise has been composed. Professors of 
mathematics speak of it as the most exhaustive work on the sub- 
ject yet issued in America ; and in colleges where an easier text- 
book is required for the regular course, this will be found of great 
value for post-graduate study. ' . 



Wm. O. Peck, Prof, of Mathe- 
matics and Astronomy^ Columbia 
College : I have read Dr. Smith's Co- 
ordinate (Jeoraetry from be^nning 



mirably arranged. It is an excellent 
book, and the author is entitled to 
the thanks of every lover of mathe- 
matical science for this valuable con- 



to end with nnflag&:ing: interest. Its ! tribution to its literature. I shall 
well compacted pages contain an im- recommend its adoption as a text- 
mense amount of matter, most ad- book in our graduate course. 

Elements of the Theory of the Newtonian Poten- 

tial Function. 

By B. O. Pbircb, Professor of Mathematics and Physics, in Harvard 
University. 8vo. Cloth. 154 pages. Mailing price, 91*60; for intro- 
duction, $1.50. 

nPHIS book was written for the use of Electrical Engineers and 
students of Mathematical Physics because there was in English 
no mathematical treatment of the Theory of the Newtonian Poten- 
tial Function in sufficiently simple form. It gives as briefly as is 
consistent with clearness so much of that theory as is needed be- 
fore the study of standard works on Physics can be taken up with 
advantage. In the second edition a brief treatment of Electro* 
kinematics and a large number of problems have been added. 
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